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ARTICLE INFO ABSTRACT

MSC: This paper addresses some classes of combined and separate imputation methods (CSIMs) of the population

62D05 mean under stratified simple random sampling (SSRS) along with their characteristics. To the best of our

62D10 knowledge, these imputation methods (IMs) have yet not been studied by any author under SSRS, hence these
IMs are called ‘novel’. In addition, the existing CSIMs are distinguished as the members of the suggested CSIMs,

Il\j{?s,;/ zrdf/:alues respectively. The theoretical conditions under which the proposed IMs perform better are obtained by comparing

Imputagtion the proposed IMs with the existing IMs. To validate the theoretical findings, the numerical and simulation studies

Stratified simple random sampling

are conducted on real and artificial populations, respectively.

1. Introduction

In a sample survey, it is widely recognized that the complete in-
formation concerning any situation or episode is essential to make
inferences. Incomplete information or missing values in the data set
may impair the whole inference. The most familiar method which is
used till date to tackle the issue of missing values is imputation. Many
articles have been published so far to estimate the population mean in
the presence of missing values utilizing simple random sampling (SRS).
[1] mooted three key strategies of missing values, namely, missing at
random (MAR), observed at random (OAR), and parameter distribution
(PD). [2] marked a difference between missing at random and missing
completely at random (MCAR) strategy. Subsequently, [3] suggested ra-
tio category of estimators in case of missing values. In the presence of
missing data, [4] developed an improved population mean imputation
method. [5] suggested some optimal imputations for estimating popula-
tion mean in case of missing data. [6] utilized moments of higher order
of an auxiliary variable and suggested regression type IMs under SRS,
whereas [7] considered higher order moments and suggested improved
form of regression type IMs. [8] developed a generalized class of esti-
mators utilizing the dual of the supplementary variable in the case of
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non-response. [9] introduced composite imputation consisting of mean
estimators utilizing robust quantile regression. [10] suggested logarith-
mic IMs using MCAR strategy. Recently, utilizing MCAR strategy, [11]
and [12] suggested some IMs based on single and multi-auxiliary in-
formation under ranked set sampling. The basic concentration of this
article is to discuss the MCAR strategy in the area of socio-economic in-
vestigations where sample units can be distinguished very cheaply.

It is well known that the stratified simple random sampling (SSRS) is
better representative of a heterogeneous population than SRS. The SSRS
enhances the efficiency of the estimators by separating the population
into homogeneous strata over the sampling units. A new estimator for
mean under SSRS was suggested by [13]. [14] considered SSRS to es-
timate the population mean using auxiliary characters. An effective
exponential mean estimator for SSRS was studied by [15]. Utilizing
SSRS, [16] developed an exponential ratio estimator of the median
which is an alternative to the regression estimator of the median. [17]
suggested dual utilization of auxiliary information for the estimation of
finite population mean under SSRS, while [18] carried out a simulation
study by utilizing dual auxiliary variable to estimate population mean
under SSRS. In stratified two-phase sampling, [19] recommended us-
ing exponential ratio and product type estimators of the mean, whereas
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[20] suggested a generalized estimator for population mean utilizing
auxiliary attribute. In SSRS, [21] investigated a few efficient types of
estimators, however, [22] utilized bivariate auxiliary information and
suggested a few improved types of estimators. [23] produced several en-
hanced classes of estimators by utilizing stratified ranked set sampling
(SRSS), however, an efficient estimation of population mean under SRSS
was presented by [24]. The issue of mean estimation under SRSS was
discussed by [25]. A miniscule work has been done till date for esti-
mating the population mean in case of missing data under SSRS. The
estimate of the population mean under SSRS was taken into considera-
tion by [26] using a few ratio type imputation approaches. Motivated by
[271, [28] suggested a separate regression type estimator under SSRS,
which is best linear unbiased estimator (BLUE). Under SSRS, there is no
imputation method which compete with the BLUE. Apart from this, no
study is available which considers CSIMs simultaneously. In the present
study, these issues are taken into consideration, and the following ob-
jectives have been set:

To propose novel CSIMs for the population mean under SSRS which
compete with the BLUE.

To compare theoretically the CSIMs with the corresponding con-
ventional CSIMs.

To perform an empirical study utilizing real and artificially ren-
dered symmetric and skewed populations, respectively.

1.1. Methodology and notation

Consider a population ® = (0,,0,,...,0,) consisting of N units
which is divided into L mutually exclusive and exhaustive strata with
N, units in the A" stratum. Let a sample of size n, units be chosen
from the A" stratum containing N, elements to estimate the popula-
tion mean. Let r be the number of units providing a response out of n
selected units. The set of responding units is referred by R, and the set
of non-responding units is referred by R,. The notation of symbols em-
ployed throughout this study are defined below.

(N, n); population and sample size,

(Ny, ny); population and sample size in stratum h,

W, = N,/ N; h'" stratum’s weight,

On =2 Ypi/rn> X = X", Xpi/ny); sample mean of variables (y, x)
in stratum h,

Fy = 25:1 Wyyp, Xg = 2;%:1 W), x,); sample mean of variables (y, x),
Yy = Z,]i}i Yni/ Nps ,]ih]
in stratum #h,

(Y =Y, =Y WyY,, X=X, =Y~ W,X,); population mean of
variables (y, x),

R =Y /X; population ratio,

R, =Y,/ X,; W' stratum’s population ratio,

(82 = (N = D7 B0 (g = 2, 82 = (N = D7V E e — X))
population variance of variables (y, x) in stratum A,

xpi/ Np); population mean of variables (y, x)

Sy, = (N =17 Zihl (xpi — X))y — Yy); population covariance be-
tween variables x and y in stratum A,

Pxy, = Sxy,/Sx, Sy, population correlation coefficient for the variables
x and y in stratum A,

((eH 4+ Cx, ); population variation coefficients for the variables (y, x) in

stratum A.

In this article, the undermentioned notation are considered to estab-
lish the attributes of the combined point estimators.

Lety, =Y +eg , X, =X+e andx, =X+e, suchthat E(gy )=

_ _ 2y _ vyl 2,%Q2 _ % 2y _

E(e; ) = E(5,) = 0, E(g%) =Y, w; thyh =1, E(g]”) =

L 2% Q2 _ 2y _ vl 2, ¢2 _

zh=1 Wh YZSX}, - Il*’ E(EZH) - E(Elsr’gzst) - zh=1 Wh thXh =1

_ L 2 % _ *

E(eo,o€1,) = Zpoyt WyThbay,Sx, Sy, = 1y

Xn " Yn
Shot WA Pay, Se, Sy, = Io1» where v = (1/r;) = (1/N}) and y, =
(1/np) = (1/Ny).

and E(Eosl 5 625r) =
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The undermentioned notation are considered to determine the at-
tributes of the separate point estimators.
Let y,, =Y, +ey,, X, = X, +ey,, X,, = X, + ey, such that E(ep,) =

E(e;,) = E(e;,) = 0, E(egh) = y;;sﬁh =Jg, E(e%h) = y;;sih =J5,

E(egh) = E(ey,.e3,) = 1,57, = J1, E(eg,.e1,) = 7y psy, S, Sy, = Iy
and E(eg, e, ) =7pPxy, Sx, Sy, = Jot-

The following sections make up the article’s structure. We examine
the commonly used CSIMs in Section 2. We propose some CSIMs in Sec-
tion 3. Section 4 provides a theoretical comparison between existing
and suggested IMs. Section 5 provides the simulation study along with
the discussion of simulation results. The illustration of the proposed
methods is shown in Section 6. Section 7 provides the conclusion of the
study.

2. Existing imputation methods
The mean IM under SSRS is

Vi, = {

The sequent estimator is

ifie R,
ifie R,

Vi
}_]r“

Tmz)-)r”

where the stratified sample mean of study variable y is given by y, =
L

> Wyp-
=l

Further, we consider some prominent commonly used CSIMs.
2.1. Combined imputation methods

The IMs are divided into following strategies in the availability of
auxiliary informations.
Strategy I: If X is known and X, , is used.
Strategy II: If X is known and %, is used.
Strategy III: If X is unknown and X, ,and x, are used.
The conventional combined ratio IMs are prescribed under SSRS as
Strategy 1

Yi ifieR,
y'ci’flz S X —ry ifieR

n—r y’st )_C”st y’:r u
Strategy 11

Vi ifieR,
y'ciR2= L ny X —ry ifieR

n—r yrxt %, y’sr u
Strategy III

Vi ifieR,
y‘ciks YL (np, Iy ifie R

n—r yrxt X y”u u

The sequent estimators are given as follows:

e =5 X
Ry y’st X

Ayt

e =5 X
Ry yrst )_Cr

st

¢ _ = g
T, =9,
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L
where x, = > W,x, is the sample mean of the auxiliary variable x
h=1

under SSRS.
Motivated by [4], we define the classical regression IM under SSRS as
Strategy 1

e {yi ifieR,
Vipy = ¥, +b(X-%, ) ifieR,
Strategy 11

e {yi ifie R,
Vi, T\ 5, 4 LbyX -%,) ifieR,
Strategy 111

. Vi ifieR,
y. = _ _ _ e —
ippy Vr, H"Trb3(x,,sr -Xx,) ifi€ER,

The sequent estimators are given as follows:

T[c)Pl = -)_)VS, + bl(X - }_C".w)

TIC)P2 = y’"sr + bz(X - )_Cr.\-r)
£P3 = y’sr + b3(i”xt - )_Crsr)

where b i J = 1,2,3 are the regression coefficients for the respective
strategies.

On the lines of [27], [26], and [28], we investigate the following com-
bined ratio categories of IMs based on SSRS as

Strategy 1

Vi ifieR,

Vis = %\
. n _ _ . =
RANY — y’:t <)_<,,Sr > - y’xz ifi e Ru

Vi ifieR,
Vis, = X
iS. s . -
A [y Fyt (1345:”:, +(l—ﬂ4)X> Y r.\-z] ifieR,
Strategy 11
Vi ifieR,
yCS — % )
i n |5 5 e P
2 = |, <err > -y, | Hi€R,
Vi ifieR,
Vg, = X
iS n|s 5 e P
S [ym (/152,ﬂ+(1—p5>)2> yry] ifi€ R,
Strategy III
yi ifieR,
— - B
yﬁS R L g\ _ 5 fic R
} E yrst X’SI - yrst lf re R“
Vi ifieR,
¥ -
S ifieR,

=1 [ X -
n—r |7 \ Box,, +(1—Bo)%,,, Vrg

The sequent estimators are given by

% A
cC —y [
TS] =Vry (X."sr>

1)
T§2=)_7r”< >
st

><||><I
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X
Te =7 —_—
Sg = Vry <ﬂ6ir3, + (1= fo)%,, )

where f;; i =1,2,...,6 are properly chosen scalars.
In Appendix A, the mean square error (MSE) of the subsequent estima-
tors derived from various IMs is provided.

2.2. Separate imputation methods

The separate methods of imputation are classified into following
strategies in the accessibility of auxiliary informations.
Strategy I If X, is known and x,, is used.
Strategy II: If X, is known and X, , is used.
Strategy III: If X, is unknown and %, > Xr, are used.
The classical separate ratio type methods of imputation under SSRS is
defined as

Strategy 1
Y ifie R,
S —_ -
Vig, = L <ny,h)% —ry,h> ifi e Ry,
Strategy 11
Vi ifie R,
S —_ -
Vig, = L <ny,h% —ry,h> ifie R,
Strategy III
Y ifieR,,
S —_ -
Vig, = L <ny,h%: —ry,h> ifie R,

The sequent estimators are given by

L X
_ W. 5 h
TISﬁ _Z hy"h)—C
h=1 np

< X
s = h
TR2 = E Whyr,, _)_c
h=1 Th

L xnh
s W,
TR% - 2 hYry <
3 X
h=1 T'n

Following [4], we define the separate regression IMs under SSRS as

Strategy 1

) i ifie R,
Py Tyt 7mby, (X =%, ifi€R,

Strategy II

W i ifie Ry,
“ppy Ty + by, (X —%,) ifi€ Ry,

Strategy III

W i ifie Ry,
topy Fry + b3, (R, — %) ifi€R,,
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The sequent separate estimators are given by
L
Thp = Y Wils,, + by, (X) = %,,)]
h=1

L
Thp, = 2 Waldy, + by, (X = %)
h=1

L
Thp, = D Wilds, +b3, (R, = %,,)]
h=1

On the lines of [27], we investigate the following separate ratio cate-
gories of IMs based on SSRS as

Strategy 1
Vi ifie R,
s _\A
y}is n - Xp h - ip . =
! — |7 a =¥, | ifi€R,,
Vi ifie R,

Xn
Pag, Xy, +(1=P4, )X

S
y.is = n =
R e [yrh <

>—yrh] ifie Ry,

Strategy 11
Vi ifieR,,
— )
y‘s,'s n = Xy h - ie s 5
2 — |7 . =¥, | i€Ry,
Vi ifieR,,
Vie=9 a |- X, _ -
i85 o Y S
P \ B rammpxy ) "I € Run
Strategy 111
Vi ifieR,,
— - B3
YVis3 =\ n - *np o e D
P [y,h <th =¥, | Hi€Ry,
Vi ifieR,,
yS — -
.isg Xn

- [y,h < ) —y,h] ifieR,,

The sequent estimators are given by

By %y +0—Plgy o,

L = b
X, \ "
L v —_—
Ty _thWhyr,, <5€n,,>
L = 3
X, \ "
s _
Tsz_ZWhyrh<)_C_>
h=1 Th
) L i X, B3,
TS3=ZWhyrh X
h=1 Th
I _
X,
TS =Y W3 _
5 Zl "\ BayE, + (1= By )X
L —
Xp,
TS =Y W, 5 _
S. h _
5 ,; ”’<ﬂ5hxrh+(1—ﬁ5,,)xh>

X
BoyXry + (1= Be, )%,

L
T;‘(>= ZWh)_]"h ( >
h=1

where f; ;i=1,2,...,6 are properly chosen scalars.
In Appendix B, the minimum MSE of the sequent estimators made up of
several separate IMs is listed.
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3. Suggested imputation methods

In the previous section, the IMs do not compete with the regression
IM which is BLUE. The nub of this section is to suggest a few novel
combined and separate population mean methods of imputation in case
of missing data in SSRS which can compete with the BLUE. Motivated
by [5], [29], [21], [10], and [30], we propose the following CSIMs
based on SSRS.

3.1. Combined imputation methods

We suggest nine novel combined methods of imputation in the
strategies described in the former section as

Strategy 1
v = ay; ifieR,
ok a5, + %(ins, -X) ifieR,
Yi ifie Ru
Vi, = 1 X % 5
lakg P 1’1(14)_/,.Sr <)_(—> - rj/,ﬂ ifie Ru
Nst
Vi ifieR,
Vi 1 - X - e _ B
= ["“7% (m) B ’yrsr] ifi R,
Strategy 11
v = ay; ifieR,
o T\ @y, + (%, - X) ifieR,
Yi ifie Ru
Vige =7 1 X 8 B
aks P 1’1(15)_1,45r <)_(—> - r)'/,ﬂ ifie Ru
st
Vi ifieR,
Vi, =7 1 - X - el _ B
N = ["“syrx, (m) - ’yrsr] fieR,
Strategy III
v = ay; ifieR,
daky = - 03 - - s B
iaky @y, + %(xr” -x,) ifi€eR,
Vi ifie Ru
Vig, =3 1 X % B
akg — |nagy,, <)_("” > -y, | ifi€eR,
st
Vi ifieR,
y,iak = 1 = )_C"sr - ap s =
9 — [nagyh,, (7;% Yoot 5 ) ry., | ifi€R,

Under the above strategies, the point estimators are given as follows:

Tackl = (X]_)_/rm + 01 ()_C"st - X)
Tackz = az)_)".\-r + 92()_6“1 - X)
Tack3 = 0!3_)_7rﬂ + 03(5(’“ - }_c"sr)
N
X
¢ _ =
i = (3
st

X
erl

-
"

¢ _ -
Tak5 =AY, (

X

¢ _ — g
Také = %6, ( X

st
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- X
Ty =0 | 5— =
7 X+ 0, - %)
- X
T;k =V |
5 X057, - %)
Xn
TC =q 5 st
o*s gyr” ,)_Cny + 99 ()_Crsr - X'"sr)

where a; and Gj; j=12,..,
Notably, the suggested combined IMs y* .
ok

9 have been properly chosen scalars.
j=1,2,...,9 reduce to the

current combined IMs for known values of scalars as

1. Conventional mean IM y for (aj, i3 J =4,5,6)=(1,0).
2. Classical ratio IM y'i L= 1 2,3 for ((xj, i3 J =4,5,6)=(1,1).

J
3. Imputation techniques envisaged on the lines of [27] ycl.S , J=
"o
.6 for (a;,0;5 j=4.5,..,9)=(a;. 1).
4. Imputatlon techniques envisaged on the lines of [4] yfiDP , J=
i

1,23 for (a;.0;: j=1,2.3)=(1,b)).

3.1.1. MSE and minimum MSE of the proposed combined estimators
The MSE of the sequent estimators consisting of the suggested meth-
ods imputation is provided as

MSE(Ty )= (a = D’V +a; Y215 + 6, X1, + 20,6, XY I,
MSETy )= (ay~ 1Y+ g V2 IS + 07X T7 + 20,0, XY I,

(03— 1Y+ a3 V21 + 03 X2 {17 — 1, }
20,0, XY {17 Im}

L+ a2 { 14+ I3 + 60,20, + DI} — 40,1y }
~2a, { 1- 0,1y, + 20, }
I3 } ]

MSE(T, )=

MSE(T;, )= Y? [

1+ {1+ + 05205 + I — 465
MSE(TaL‘kS)=Y2 |: 5{ 0 1

-2a5{1-951;;1+@11*}
MSET;, )
- T+ a2 { 14 I3 + 05200 + DU — 1)) — 40615 — Ioy) |
= 06(06+1) , 75
—2%{ 1= 0617, — Io) + 2 6”(1 -1)
o [ 1+ a2 { 1+ I3 +3671, — 46,1, }
—y2 1 7401
MSETu)=Y7| Loa, (1 4 021, - 0,15,
L 7 711 7101
. ’1+a2{1+1*+3921* 46515}
MSE(T¢, )=Y1? 8 078 8
Tary) | 205 {1+6317 - 017 }

MSE(T; )=Y?

[1+a5 {1 +IO*+39§( I} = 1) =401}, —101)}]
| —2a9 { 1+ 05017 = 1}) = 0515 — Iop) }

The minimum MSE of the sequent estimators consisting of the suggested
IMs is provided by

A?

minMSE(Tackj) =V2(1 = () = V? <1 - B—’> 1 j=1,2,3 (3.1)
J

A?

minMSE(TS )=Y*[1- -

arj B i

> ;/=4,5,6,7,8,9 (3.2)

Appendix C contains a the derivations of these MSE expressions along
with brief annotations.

3.2. Separate imputation methods
We suggest the following new separate IMs under the strategies de-

scribed primarily as
Strategy I

240

Alexandria Engineering Journal 95 (2024) 236-246

s e ifieR,,
Viw =\ a5, + s -X,) ifieR
1,Yr, —r \hp h uh
Vi ifie Ruh
yS. = 1 % 94}1 —
Laky — |nay, 3, <#> -1y, | Hi€Ry
h
Vi ifie R,
Vio=1 4 Xy =
dak —_ 5 — “h — ifq
- nr |7 Yry ()?,,+97h(>'<nh—)?h)> "Vr,| 1€ Ry,

Strategy II
yo= a, Vi ifie Ry,
dgks 02, = - P
k2 @, Jr, + _’r” (X, —Xp) fi€Ry,
i ifieR,,
s _ _ 05
Vio=1 - X, h - e B
laks {n [nash y’h <)'c_h> - ry’h:| ifie Ruh
h
Vi ifie R,
S
Vi =) L - X, _ . &
8 n—r [nashyrh ()?hwgh()‘c,h—)?h) ~ 1P| HIERy,
Strategy III
N RS ifie R,
Vios T\ ay 5, + 20(x, —x,) ifi€R
3hyfh n—r \rp ny uh
Vi ifieR,,
_ _ N\
ys' - 1 - Xn h - ap s =
dakg — [naéh I, <5< h > — ry"h:| ifie R,
"h
Vi ifie R,
ys,- =31 _ Xnyy - .
dak L — "m ) _
’ nr |18 Yy Ty +00,, Gy =%r) "V, | 1€ Ryy

The sequent estimators are given by
L
=Y Wilay, 3, + 04, (%, — Xp)]
h=1

L
Ty, Z Wilay, 3, + 03, (%, — X,)]

ak; i Wilas, 3y, + 03, (%, —%,,)]
ak4 i Wh a4, Vr,, (f_z > "

ak5 Z Whas, 3, (%)95}1

ak6 i Whag, 3, (%)%h

T, i Wh“9hy’h - + 0:(2 h)]
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where a; and 6, ; j =1,2,...9 are the properly chosen scalars.
It is important to note that the suggested separate IMs y’, " Jj=

1,2,...,9 reduce to the existing separate IMs for known values of scalars
as

1. Conventional mean IM yfi for (ajh,ejh; j=4,5,6)=(1,0).
2. Classical ratio IM yﬁ.R , j=1,2,3 for (ajh,ﬁjh; j=4,5,6)=(1,1).
Jh
3. Imputation techniques envisaged on the lines of [27] yi.S , J=
i,

L2,...6for (a;.0;; j=4,5,..9)=(a;,,1).
4. Imputation techniques envisaged on the lines of [4] )¢

o, =
1,23 for (a;,.0;,: j=1.2.3)=(1.b;,).

3.2.1. MSE and minimum MSE of the proposed separate estimators
The MSE of the sequent estimators based on the suggested IMs is
given by
MSET} )
L
2 292 4 2 92 % 4 02 w2 v v
= Y Wi {(@, = D2V 4} V2ag + 03 Xidy +20,,0,, X,V Jon |
h=1

MSET}, )

M=

2 2v2 2 2 * 2 y2 Y YV
W {(azh -y, +ay Y Jg +62hXhJ1* +2a2h02hthhJ(’fl}
h:

1l
-

L 292 4 2 2re o 02 W2 E
a; —1D2V2+a2 V2054602 X2{J*—J
MSE(T;k3)=ZW2[(3,, VY g Yy 405 Ath 1}]

SN H2a5, 05, X, Y, {5 — o1}

MSE(T), )

L . 1+afh{1+J{f+94h(294,,+1)11—494,,101 }
= Z W, Y, 5 04, (04, +1)

=l —2ay, 1- 94;.']01 + == Jq
MSET), )

[ 2 *

L e 1+ash{1+J(’;+6?5h(26!5h+1)J1 — 465, J5, }
=2 Wi, ARG

“= —2as, {105, J5, + 22—
MSE(T), )

A { L+ T +*06h 205, + DU F = J))
=Y wry on \ =406, (3, — Jo1) o

h=1 __20’6;.{ 1= 06, (I3, = Jo) + %(]]’F_Jl)}_

1+a§h{ L J5 4302 0y =407, Jy; }
~2a;, { 1462 7y -6, Ty, }

2
1+l { L4 Jg 4302 J7 =405 U7 }

L
MSET )= 3 WET?
h=1

L
MSET:, )=y W?>Y?
s ,,Z; " <2ag, {1462 07 - 05,05, )

MSE(T;kQ)
* 2 *
L L4 1+J0+309h(J1—J1)
= Sowerg| O\ 40,05~
h=1

2, { 1403 (I =) =00, (g, = Jop) }

The minimum M S Es of the sequent estimators consisting of the prof-
fered IMs is given as

L
minMSE(Ty )= Y WV =, o) J=1,2,3 (3.3)
h=1
L A2
minM SE(TS, )=y W2V 1- =" |: j=4,56,7.8,9 (3.4)
ak; }; h~h th J
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Appendix C contains the derivations of these MSE expressions along
with brief annotations.

4. Theoretical conditions
4.1. Combined imputation methods

The following theoretical conditions are obtained by comparing the
minimum mean square error of the suggested combined IMs ) L j=
ak,

1,2,...,9 provided in (3.1) and (3.2) with the minimum mean square
error of the conventional combined IMs provided from (A.1) to (A.10).

A2
MSET,)> MSE(T, ) => B—’ >1-17, j=12,..9
j :
J
A2
MSE(T} ) > MSE(T;, ) = Fj >1=13 = I +2Iy
j
A2
MSE(Tg)>MSET, ) = Fj >1—1Iy—I7 +2I5,
J
A2
MSE(Ty ) > MSE(T;, ) = gf >1—IF+1 = I +2(15, - I)
) J
4 15,
MSE(Thp) > MSE(Ty, ) = == >1- D+ -
j 1
4 Iy
J 1
. . ] . Ug = To)
MSET)p)>MSE(Ty ) = == >1-1; =1
J 1
4 15,
MSET5)>MSET; ) => == >1- I+ -
j 1
A3 Iy
MSE(T;Z) > MSE(T{fkj) = B >1-Iy+ T
J 1
c c AJZ' * I(TI - 101)2
MSE(T,)>MSE(T = —>1-1+——
Ts) Ta,) B, U )

The proposed combined IMs will be reasonable provided these condi-
tions hold.

4.2. Separate imputation methods

The following theoretical conditions are obtained by comparing the
minimum mean square error of the suggested combined IMs y*, o j=
gk,

1,2,...,9 provided in (3.3) and (3.4) with the minimum mean square
error of the conventional combined IMs provided in (A.1) to (B.19).

L 2

MSE(T,)> MSE(TS ) = Y W2V} <1 _
J .

h= Jh

A2 >
=
=1
<Y, j=1,2,...9

L A
MSE(Ty)> MSETy ) = Y WV} <1 -3
h=1

L
< Y WEVE g +d1 =20y
h=1

L
MSETy)>MSET, ) = > W} <1 -
h=1
L
2v2 * * *
< YWV |Ip a7 =205
h=1
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L A2
MSE(Ty)>MSE(T}, ) = Y wirz(1- B—’”
J h=1 Jn
i oo [ 54 TF =0,
<) W7, [ 0 .1 ]
h"h | _ —
h=1 Z(ng Jor)
L A2
MSET},)>MSETy ) = ¥ Wivp(1- ==
’ h=1 Jn
L 2
2v2 * 01
< W=
h=1 1
L A?
MSET},)> MSETy ) = Y WiV (1- ==
! =1 n
L %2
2v2 01
< Z WY, Jg - 7
h=1 1
L A?
MSE(T},)> MSET) ) = Y W 1- B—“‘
/ =1 n
. ()
< W2Y2 Jr— 01”701
h~"h %
GO K vy
L A2
MSE(T)>MSET}, ) = Y wi(1- B—’”
/ h=1 Jn
L J2
2v2 01
<YW - -
h=1 1
L A2
MSETS)>MSET, ) = Y Wivi(1- 22
’ h=1 Jn
L J*Z
2v2 * 01
N AANEES
h=1 1
L A2
MSETS)>MSET, ) = Y Wivi(1- 22
’ ’ h=1 Jn
L
_ JE =
< W2Y2 % ( 01 01)
h~h *
2V

The suggested separate IMs can be reasonable provided the above con-
ditions hold.

4.3. Comparison of suggested CSIMs
The following condition is obtained by comparing the minimum
MSE of the suggested combined and separate classes of estimators pro-

vided in (3.1), (3.2) and (3.3), (3.4).

minMSE(Tackj) - minMSE(TaSkI_)

L A? A?
5 > 5 52

=Y P2 -wRrhH - V2L —wir (4.1
h=1 Bj th

The last term of (4.1) is generally insignificant and it becomes faded in
if:

1. the sequent estimators are conclusive;
2. within each stratum, if both the variables (x, y) are linearly related
and the regression line goes through the origin.

The suggested combined estimators are to be strongly preferred having
very small sample in every stratum, as the separate estimators outper-
form in every stratum with the exception of R, becoming stable from
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Table 1
PRE of suggested combined estimators.

Correlation coefficient 0.6 0.7 0.8 0.9

T, 100 100 100 100

x*~N(@2,7)

¥~ N, 11)

Strategy I

T}‘;] 55.2264 55.6970 56.8299 58.5490

TBP‘ /T;, i=14 100.6625  100.8165  100.6375  100.5616

T:k,' j=11 110.7267  110.8560  111.3526  112.1161

Ty, 111.4849  111.6909  112.1184  112.8627

Strategy II

Ty, 36.8794 37.3240 38.4072 40.0865

Tp, /Tg, i=1,4 101.4089  101.7394  101.3554  101.1931

Tu"k/-, J = 2,8 111.4732  111.7789  112.0705  112.7476

Ty, 113.1226  113.6026  113.7344  114.3652

Strategy III

T}gl 52.6092 53.0839 54.2288 55.9712

Tf)P}/T;, i=3,6 100.7366  100.9080  100.7088  100.6244

T“C"/ ,Jj=39 110.8009 110.9475 111.4239 112.1789

T[fkh 111.6458 111.8783 112.2773 113.0106

x* ~ Exp(1.0)

y* ~ Exp(0.5)

Strategy I

Tﬁ] 52.6742 49.0842 51.2637 55.3784

Tgl,] /T‘;, i=1,4 100.3880 100.4866 100.4600 100.5303

T, . =117 100.7498  100.7982  100.7993  100.9215

Tn“k: 100.7715  100.8209  100.8222  100.9477

Strategy II

ng 34.5214 31.3491 33.2554 37.0227

Tgl,ﬂ/T‘; ,i=1,4 100.8228 101.0329 100.9761 101.1263

TS, L ¥2,8 101.1845  101.3445  101.3153  101.5174

T;,:5 101.2314  101.3935  101.3649  101.574

Strategy III

Tﬁ] 50.0427 46.4561 48.6303 52.7625

T[C”,‘/T_;, i=3,6 100.4313  100.541 100.5114  100.5896

Ta‘k/, Jj=39 100.7931 100.8526  100.8506  100.9808
ke 100.8173  100.8778  100.8761 101.0099

X~ A

¥~ A1)

Strategy I

TE‘ 37.7957 36.9291 38.9137 40.5873

Tgpl /Ty, i=14 100.1268  100.3388  100.3466  100.8760

T:fkj’ j=17 100.9514  101.1073  101.1787  101.7163

Tack4 100.9896 101.1671 101.2414 101.8149

Strategy II

Ty 22.3490 21.7129 23.1803 24.4481

Tg.PZ/T;, i=1,4 100.2680  100.7179  100.7345  101.8676

Tackl’ Jj=28 101.0927  101.4864  101.5666  102.7079
aCkS 101.1743 101.6157 101.7022 102.9248

Strategy III

Tk, 35.3523 34.5106 36.4404 38.0739

Typ/Ts, 1=3,6 100.1409  100.3765  100.3852  100.9743

T ,j=39 100.9655  101.1451 101.2173  101.8146

T 101.008 101.2117  101.2872  101.9246

akg

stratum to stratum, given the sample in every stratum is to be enough
big so that the approximate expression of MSE(T;k_), j=12,..,9is
J

valid.
5. Simulation study

To stimulate the soundness of the theoretical findings, motivated
by [31], [32], and [33], a simulation study is presented by utiliz-
ing three artificial populations, namely, normal, exponential, and chi-
square, each consisting of N = 300 units having the variables x and y
which can be obtained as

yi=8.2+‘/(1—p§y)yl’.‘+pxy<

Sy>x:

S
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Table 2
PRE of suggested separate estimators.

Correlation coefficient 0.6 0.7 0.8 0.9

T, 100 100 100 100

x*~N(@2,7)

Y~ N4,9)

Strategy I

ka‘ 47.4202 48.2471 48.4044 50.0764

TBP\/TQ’ i=14 100.6625  100.8165  100.6375  100.5616

T;kj, j=11 107.5355  107.7830  107.7864  108.2394

T, 108.1420  108.4567  108.3925  108.8289

Strategy II

Ty 29.9329 30.6324 30.7665 32.2095

T[S);,Z/T;, i=14 101.4089  101.7394  101.3554  101.1931

T;kj’ j=2.8 108.282 108.7059  108.5043  108.8708

T 109.6051 110.1820  109.8252  110.1515

Str;tegy 111

T;x 44.8028 45.6236 45.7799 47.4446

TBP,/T;;,’ i=3,6 100.7366  100.908 100.7088  100.6244

Tlfkj ,Jj=39 107.6097 107.8745 107.8577 108.3022

Tlfkﬁ 108.2858 108.6259 108.5333 108.9590

x* ~ Exp(1.0)

y* ~ Exp(0.5)

Strategy I

Tl’;‘ 49.3701 45.5457 47.9883 52.5620

T,S)P‘ /Tg", i=1,4 100.3880 100.4866 100.4600 100.5303

T . =117 100.7141 100.7651 100.7663  100.8899

T;k: 100.7351 100.7868  100.7884  100.9153

Strategy II

T;Z 31.5957 28.3765 30.4126 34.4198

TBP‘/T;Q ,i=1,4 100.8228 101.0329 100.9761 101.1263

T3 B j='2,8 101.1488  101.3113  101.2824  101.4858

T;k; 101.1941 101.3585  101.3302  101.5409

Strategy III

Ty, 46.7407 42.9472 45.3665 49.9303

Tlf”,3 /Ts, i=3,6 100.4313  100.5410  100.5114  100.5896

T .Jj=39 100.7574  100.8194  100.8177  100.9492

T;k:, 100.7808  100.8436  100.8423  100.9775

x*~ A7)

v~ 22

Strategy I

szl 34.4668 33.5150 34.8819 36.1917

Ty /Ts, i=1,4 100.1268  100.3388  100.3466  100.876

T;k/, j=17 100.8635  101.0234  101.0715  101.6031

T;k4 100.9001 101.0808 101.1312 101.6970

Strategy II

szz 19.9444 19.2757 20.2386 21.1774

Tpp /T, i=1.4 100.2680  100.7179  100.7345  101.8676

T;k/; J = 2,8 101.0047  101.4025  101.4595  102.5947

T;k5 101.0832  101.5270  101.5887  102.8017

Strategy III

Ty, 32.1275 31.2095 32.5284 33.7957

Typ /Ts,, i=3,6 100.1409  100.3765  100.3852  100.9743

T . Jj=39 100.8776 ~ 101.0612  101.1102  101.7014

T;ki 100.9184  101.1252  101.1767  101.8062
x; =42+ x7

where x; and y; are independent proportional distribution variables.
Following the division of each population into three equal strata, a ran-
dom sample of size 10 units is taken from each stratum. The suggested
combined and separate estimators’ percent relative efficiency (PRE)
regarding the traditional mean estimator is derived after 15000 itera-
tions as

1 Z}S,OOO(Tm ¥y

=1
PRE = 200~ 100
1 150007 _ )2
15,000 i=1

where T denotes the conventional and suggested sequent combined and
separate estimators.
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The findings of the simulation are unfolded herein from Table 1 to Ta-
ble 2 in terms of PRE for reasonably chosen amounts of the correlation
coefficients 0.6, 0.7, 0.8, 0.9 and non responding unit » = 5.

From Table 1 and Table 2 based on the results of each population, we
observe that the suggested CSIMs yfiak_ and yi.akj ,j=12,..9 are the

most efficient than the other existing IMs for different values of cor-

relation coefficient Py under each strategy. It is also seen that the

suggested CSIMs y*, . and y’, L j=4,5,6 are superior among the sug-
dak, dak,

gested CSIMs, respectively.
5.1. Results and discussion

From the theoretical and simulation results, we have drawn the fol-
lowing observations:

(). The suggested CSIMs yfiakj and yi.akj ,j=1,2,...,9 dominate com-
bined and separate mean IM yi.m and yfim, classical ratio IM yi‘R,
and yiRj, j=1,2,3, ratio kind of IMs yisj and yfl.sj, j=12,..,6
and regression IMs yi.DPj and yi.DPj , j=1,2,3 for different values

of correlation coefficient p,, under strategies I to IIL

The most effective methods in the recommended class of CSIMs

are )", . and y’, o j =4,5,6 under strategies I to III, respectively.
ak “takj

(ii).

(iii). The suggested combined IMs y‘, L Jj=12,...,9 outperform the

J
suggested separate IMs y‘l L j=1,2,...,9 under each strategy in
akj

each population.

(iv). The suggested CSIMs yfi . and y“i o j=12,...,9 perform better
akj ak;

under strategy II as compare to strategies I and III.

(v). The PRE of the suggested CSIMs yC,. . and ysi L ji=12,..9
dak, gk

J
increases with the successive incremental change in the value of
correlation coefficient from 0.6 to 0.9.

6. Illustration

The illustration of the suggested and traditional IMs is demonstrated
utilizing real data from [34], page 228. The production of N = 80 facto-
ries is taken as the main variable y and the fixed capital of the factories
is taken as the auxiliary variable x. These variables are noted from four
areas (strata) of the 80 factories. Neyman allocation is implemented to
select a total sample of size n =45 from h = 4 strata. The descriptives
are given in Table 3.

Based on the descriptives given in Table 3, we have computed the PRE
of combined and separate estimators 7' with respect to the usual mean
estimator T, utilizing the following formula:

MSE(T,)
MSE(T)
Table 4 displays the outcomes produced utilizing real data, demonstrat-
ing the supremacy of the suggested estimators over the conventional

estimators. Moreover, the combined class of estimators perform better
than the separate class of estimators in each strategy.

PRE = x 100

7. Conclusion

This study considers some novel classes of CSIMs in the case of
missing data in SSRS. The characteristics of the sequent combined and
separate estimators obtained from the respective IMs are reported. The
members of the suggested combined and separate classes of IMs are
identified as the combined and separate conventional mean IM, ratio
IM, ratio type IM defined on the lines of [27], and regression IM de-
fined on the lines of [4]. The theoretical conditions are derived and
sustained with the simulation study accomplished on the hypothetically
drawn one symmetrical population such as normal and two asymmet-
rical populations such as exponential and Chi-square. The simulation



A. Kumar, S. Bhushan, M.S. Mustafa et al.

Alexandria Engineering Journal 95 (2024) 236-246

Table 3
Descriptive statistics of real data.
Total Symbol for 1 2 3 4
stratum h

Population size N =80 N, 19 32 14 15
Sample size n=45 ny, 11 18 8 8
Responding units r=26 T, 6 12 4 4
Population mean X =1126.46 X’h 349.68 706.59 1539.57 2620.53
Population mean Y=518264 ¥, 2967.95  4657.63  6537.21  7843.67
Correlation coefficient Pyy=0.94 Py, 0.93 0.92 0.98 0.96
Standard deviation S, =845.61 th 109.44 109.22 277.18 370.97
Standard deviation §,=1835.66 Syh 757.08 669.12 416.11 645.68

Table 4
PRE of suggested combined estimators w.r.t. usual mean estimator.
Combined estimators ~ PRE Separate estimators ~ PRE
Strategy I
Ty 113.5945 T";l 112.9952
|
TB,,I /T;v, i=1,4 142.6297 Tgpl /T; i=1,4 141.1211
TS . j=17 143.0664 TS . j=1.7 142.7539
T 143.2226 T 142.7983
ak, ak,
Strategy II
T’”{ﬁ 160.2879 Tl’;z 159.8929
Top /TS, i=2,5 1648.7680 T, /T;, i=2,5 1647.9714
TS . j=28 1649.2040 TS, , j=2.8 1648.8920
j )
T¢ 1670.3520 T 1654.8650
aks aks
Strategy III
T’; 134.4895 T}’; 133.1935
5 /T5, i=3,6 2781370 T}, /T, i=3.6 277.7919
T . j=3)9 2785738 TS, ., j=3.9 278.2613
T¢ 279.3849 T 278.4918

akg akg

results exhibit the dominance of the suggested CSIMs over the exist-
ing CSIMs. The numerical findings based on real data also exhibit the
superiority of the proposed IMs over their traditional counterparts. Fur-
thermore, the combined IMs perform superior than the separate IMs. As
a result, it is necessary to favor the suggested combined and separate
classes of IMs for estimating the population mean in case of missing
data.

The suggested CSIMs will be evaluated under SRSS in upcoming studies.
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Appendix A

The MSE of the subsequent estimators used in currently available
combined imputation approaches is displayed below.

V(T,)=YI; (A1)
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MSE(Ty)=Y?[I5+1; -2y (A.2)
MSETy)=Y?[I; + I} - 21 ] (A.3)
MSE(Ty) =V2[I+ 17— 1 =215, — Iy (A.4)
MSE(T}, )= Y2IF + 67X, - 26, XY I,
_v27r* 2 w2k ' 3
MSE(T),)=Y2I; + 3 X1} =26, XY I},
MSE(T},)= Y213 + b3 XP(I5 = 1)) =26 XY (I, — Iyp)
12
minMSE(T},, ) = 72 [15 - %] (A.5)
1
*2
minMSE(T},)=Y?| 15 - = (A.6)
1
s (1 —10,)2
minMSE(TS,)=Y? | 1+ - 2% 2/ A7)
S R
MSET)=Y? I+ BT = 28,1y ], i=1,4
MSET)=Y? Iy + B 1} = 26,15, . i=2.5
L+ -1
MSE(T;_):YZ[ o +h { 1o }], i=3.6
! —26; {101 - 101}
Igy
inMSETS)=Y?|1*— 2|, i=1,4 A8
min ( Si) [ 077, :| i (A.8)
2
inMSETS)=Y*1*— 2|, i=25 A9
min Ts,) 07T I (A.9)
) (1* —101)2
minMSETg)=Y* | 1* - 2%/ _|; i=3,6 (A.10)
RN TE

The scalars’ optimum values for the combined estimators are shown be-
low.

I I g —To1) I
by = RILI‘, b, = RILT‘, by =R %—11) s Bropy = Paiopty = IL}I Popry =
I (15,-To1)
— ol — — Aol
Pstopny = 77> @0 P3iopn) = Poo =~y

Appendix B

The MSE of the subsequent estimators used in currently available
separate imputation approaches is displayed below.

L

MSETy )= Y WiVE (Jy+ 75 =2Jy) (B.11)
h=1
L

MSE(T; )= Y WiYE(J7 + 5 =205) (B.12)
h=1
L

MSET;, )= Y WEVE T+ T} = T) =205, = Jo)] (B.13)
h=1
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L
MSE(T},)= Y WTI; +b] Xidy =26, X, ¥, Jo]
h=1
L
MSETy,)= Y WY 5+ X2J7 =2by, X4, 5]
h=1

L
MSET}),)= Y WiV s + 03 X0} = J)) = 2by, X, V(T = Jop)]
h=1

L 2
minMSE(T)p)= 3 Wive |y = (B.14)
h=1 1
L J*2
minMSE(T),)= 3 Wiv; | J5 == (B.15)
h=1 1
L
- Jr—=J
minMSE(T),)= Y Wi | 7~ ( o ) (B.16)
i=1 (J7=1)

L
MSET})= Y WV} [Jg + 20 - 2/3th01] i=1,4
h=1

L
MSET3) =Y WiV 15+ 0207 26,95, i=2.5
h=1

L
MSET)= > Wi [Jg +6;, (I =) =26, (I3, = Jo1) ] ,
h=1
i=3,6
L J2
minMSE(Tg)= Y WiT |5 -t |5 i=1.4 (B.17)
"okl 1
L J*Z
minMSETS)=Y W2V | g5 - 2. i=2,5 (B.18)
S; ’; ntn|”o T
: ()
minMSET)= Y W2V2 | jr- A0 2| i=36 (B.19)

Ji)

The scalars’ optimum values for the combined estimators are shown be-
low.

by

h=1

* *
Jo p - R Yo b. = Yp=lo1)
Ji > 2 hges P LNV

_ _ _ _ Un=m)
B2, opty = Ps,y0pt) = 7 B3, 0pt) = Poyy(opt) = T

— _ Ju
N > Pryor = Payiomy = 7>

Appendix C

This section contains the proof of MSE and minimum MSE expres-
sions discussed in Section 3.1.1 and Section 3.2.1.
Consider the following estimator as part of Strategy I:

Tackl = al)_]rxt + 91()_6”” - X)

Employing the notations discussed in subsection 2.1, we get

T¢

ak (C.20)

1 —Y=aYey+0,Xe; +(a; - )Y
By squaring both sides of (C.20) and taking the expectation, we get
MSETy )= (a - 12V + i Y2I5 + 071, + 20,0, XY I, (C.21)

By minimizing (C.21) w.r.t a; and 6, we get the optimum values of a;
and 0, as

1
Ay (opr) = VAR = X7(opr)
x_ 12
(1 orp- 4 )
0. = Y Io;
1(opt) = —} I—lal(opr)
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Putting a;(,, and 0, in (C.21), we get the minimum MSE as
MSE,;,(Tg, )= Y*(1 = ty(5p)

In a similar manner, the minimum MSE of additional suggested estima-
tors can be determined. The scalars’ optimum values for the suggested
combined estimators are shown below.

1
*2(0pt) = 2 %8(opn)
* _ 01
(1 +rp - )
— *
0 -_Y i
2(opt) = X1 X2 (opt)
1
a _ 1
3(opt) — 2
I* —I
- ( 01 01)
(1215~ Lt
0 _ ? 181 - 101 @
3(opt) — X Ii@ — Il 3(opt)

I
®jopry = Fj, j=4,5,6,7,8,9

Iy .
Ojcop = 70/ =47
1
x
or. . _
aj(opt) = F’ Jj=58.
1
Iy —1Iop)
Ojtom = ——7~ =69
I -1
1h

21,
b= (1arrer Yo 4 =[io1
s P5 = 0o ot T e 2

2 {151 —fon }2

-1

Toi * 21y 15
where A, = 1+7— , By= 1+IO+101—I—1 , A= 1+T_

N 2
{510}

IF=1

")

01
*
2[1

Bﬁ=[1+1(’;—

1
+§(I§1—101)]’
+ g, —101)],A7=1, B; = <1+I§—

Iy =T ]

2
In
1 ’
uy-1p)

Similarly, the outline of the proof of MSE and minimum MSE expres-
sions given in Section 3.2.1 can be obtained.

A9=1and39=[1+1(’)“—
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