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This paper addresses some classes of combined and separate imputation methods (CSIMs) of the population 
mean under stratified simple random sampling (SSRS) along with their characteristics. To the best of our 
knowledge, these imputation methods (IMs) have yet not been studied by any author under SSRS, hence these 
IMs are called ‘novel’. In addition, the existing CSIMs are distinguished as the members of the suggested CSIMs, 
respectively. The theoretical conditions under which the proposed IMs perform better are obtained by comparing 
the proposed IMs with the existing IMs. To validate the theoretical findings, the numerical and simulation studies 
are conducted on real and artificial populations, respectively.
1. Introduction

In a sample survey, it is widely recognized that the complete in-

formation concerning any situation or episode is essential to make 
inferences. Incomplete information or missing values in the data set 
may impair the whole inference. The most familiar method which is 
used till date to tackle the issue of missing values is imputation. Many 
articles have been published so far to estimate the population mean in 
the presence of missing values utilizing simple random sampling (SRS). 
[1] mooted three key strategies of missing values, namely, missing at 
random (MAR), observed at random (OAR), and parameter distribution 
(PD). [2] marked a difference between missing at random and missing 
completely at random (MCAR) strategy. Subsequently, [3] suggested ra-

tio category of estimators in case of missing values. In the presence of 
missing data, [4] developed an improved population mean imputation 
method. [5] suggested some optimal imputations for estimating popula-

tion mean in case of missing data. [6] utilized moments of higher order 
of an auxiliary variable and suggested regression type IMs under SRS, 
whereas [7] considered higher order moments and suggested improved 
form of regression type IMs. [8] developed a generalized class of esti-

mators utilizing the dual of the supplementary variable in the case of 
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non-response. [9] introduced composite imputation consisting of mean 
estimators utilizing robust quantile regression. [10] suggested logarith-

mic IMs using MCAR strategy. Recently, utilizing MCAR strategy, [11]

and [12] suggested some IMs based on single and multi-auxiliary in-

formation under ranked set sampling. The basic concentration of this 
article is to discuss the MCAR strategy in the area of socio-economic in-

vestigations where sample units can be distinguished very cheaply.

It is well known that the stratified simple random sampling (SSRS) is 
better representative of a heterogeneous population than SRS. The SSRS 
enhances the efficiency of the estimators by separating the population 
into homogeneous strata over the sampling units. A new estimator for 
mean under SSRS was suggested by [13]. [14] considered SSRS to es-

timate the population mean using auxiliary characters. An effective 
exponential mean estimator for SSRS was studied by [15]. Utilizing 
SSRS, [16] developed an exponential ratio estimator of the median 
which is an alternative to the regression estimator of the median. [17]

suggested dual utilization of auxiliary information for the estimation of 
finite population mean under SSRS, while [18] carried out a simulation 
study by utilizing dual auxiliary variable to estimate population mean 
under SSRS. In stratified two-phase sampling, [19] recommended us-

ing exponential ratio and product type estimators of the mean, whereas 
Available online 4 April 2024
1110-0168/© 2024 THE AUTHORS. Published by Elsevier BV on behalf of Faculty
CC BY license (http://creativecommons.org/licenses/by/4.0/).

E-mail address: bhushan_s@lkouniv.ac.in (S. Bhushan).

https://doi.org/10.1016/j.aej.2024.03.088

Received 23 September 2023; Received in revised form 23 February 2024; Accepted
of Engineering, Alexandria University. This is an open access article under the

 25 March 2024

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aej
mailto:bhushan_s@lkouniv.ac.in
https://doi.org/10.1016/j.aej.2024.03.088
https://doi.org/10.1016/j.aej.2024.03.088
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aej.2024.03.088&domain=pdf
http://creativecommons.org/licenses/by/4.0/


A. Kumar, S. Bhushan, M.S. Mustafa et al.

[20] suggested a generalized estimator for population mean utilizing 
auxiliary attribute. In SSRS, [21] investigated a few efficient types of 
estimators, however, [22] utilized bivariate auxiliary information and 
suggested a few improved types of estimators. [23] produced several en-

hanced classes of estimators by utilizing stratified ranked set sampling 
(SRSS), however, an efficient estimation of population mean under SRSS 
was presented by [24]. The issue of mean estimation under SRSS was 
discussed by [25]. A miniscule work has been done till date for esti-

mating the population mean in case of missing data under SSRS. The 
estimate of the population mean under SSRS was taken into considera-

tion by [26] using a few ratio type imputation approaches. Motivated by 
[27], [28] suggested a separate regression type estimator under SSRS, 
which is best linear unbiased estimator (BLUE). Under SSRS, there is no 
imputation method which compete with the BLUE. Apart from this, no 
study is available which considers CSIMs simultaneously. In the present 
study, these issues are taken into consideration, and the following ob-

jectives have been set:

• To propose novel CSIMs for the population mean under SSRS which 
compete with the BLUE.

• To compare theoretically the CSIMs with the corresponding con-

ventional CSIMs.

• To perform an empirical study utilizing real and artificially ren-

dered symmetric and skewed populations, respectively.

1.1. Methodology and notation

Consider a population Θ = (Θ1, Θ2, ..., Θ𝑁 ) consisting of 𝑁 units 
which is divided into 𝐿 mutually exclusive and exhaustive strata with 
𝑁ℎ units in the ℎ𝑡ℎ stratum. Let a sample of size 𝑛ℎ units be chosen 
from the ℎ𝑡ℎ stratum containing 𝑁ℎ elements to estimate the popula-

tion mean. Let 𝑟 be the number of units providing a response out of 𝑛
selected units. The set of responding units is referred by 𝑅𝑢 and the set 
of non-responding units is referred by 𝑅̄𝑢. The notation of symbols em-

ployed throughout this study are defined below.

(𝑁, 𝑛); population and sample size,

(𝑁ℎ, 𝑛ℎ); population and sample size in stratum ℎ,

𝑊ℎ =𝑁ℎ∕𝑁 ; ℎ𝑡ℎ stratum’s weight,

(𝑦̄ℎ =
∑𝑛ℎ

𝑖=1 𝑦ℎ𝑖∕𝑛ℎ, 𝑥̄ℎ =
∑𝑛ℎ

𝑖=1 𝑥ℎ𝑖∕𝑛ℎ); sample mean of variables (𝑦, 𝑥)
in stratum ℎ,

(𝑦̄𝑠𝑡 =
∑𝐿

ℎ=1𝑊ℎ𝑦ℎ, 𝑥̄𝑠𝑡 =
∑𝐿

ℎ=1𝑊ℎ𝑥ℎ); sample mean of variables (𝑦, 𝑥),
(𝑌ℎ =

∑𝑁ℎ

𝑖=1 𝑦ℎ𝑖∕𝑁ℎ,
∑𝑁ℎ

𝑖=1 𝑥ℎ𝑖∕𝑁ℎ); population mean of variables (𝑦, 𝑥)
in stratum ℎ,

(𝑌 = 𝑌𝑠𝑡 =
∑𝐿

ℎ=1𝑊ℎ𝑌ℎ, 𝑋̄ = 𝑋̄𝑠𝑡 =
∑𝐿

ℎ=1𝑊ℎ𝑋ℎ); population mean of 
variables (𝑦, 𝑥),
𝑅 = 𝑌 ∕𝑋̄; population ratio,

𝑅ℎ = 𝑌ℎ∕𝑋̄ℎ; ℎ𝑡ℎ stratum’s population ratio,

(𝑆2
𝑦ℎ

= (𝑁ℎ − 1)−1
∑𝑁ℎ

𝑖=1(𝑦ℎ𝑖 − 𝑌ℎ)2, 𝑆2
𝑥ℎ

= (𝑁ℎ − 1)−1
∑𝑁ℎ

𝑖=1(𝑥ℎ𝑖 − 𝑋̄ℎ)2); 
population variance of variables (𝑦, 𝑥) in stratum ℎ,

𝑆𝑥𝑦ℎ
= (𝑁ℎ − 1)−1

∑𝑁ℎ

𝑖=1(𝑥ℎ𝑖 − 𝑋̄ℎ)(𝑦ℎ𝑖 − 𝑌ℎ); population covariance be-

tween variables 𝑥 and 𝑦 in stratum ℎ,

𝜌𝑥𝑦ℎ = 𝑆𝑥𝑦ℎ
∕𝑆𝑥ℎ

𝑆𝑦ℎ
; population correlation coefficient for the variables 

𝑥 and 𝑦 in stratum ℎ,

(𝐶𝑦ℎ
, 𝐶𝑥ℎ

); population variation coefficients for the variables (𝑦, 𝑥) in 
stratum ℎ.

In this article, the undermentioned notation are considered to estab-

lish the attributes of the combined point estimators.

Let 𝑦̄𝑟𝑠𝑡 = 𝑌 + 𝜀0𝑠𝑡 , 𝑥̄𝑟𝑠𝑡 = 𝑋̄ + 𝜀1𝑠𝑡 and 𝑥̄𝑛𝑠𝑡 = 𝑋̄ + 𝜀2𝑠𝑡 such that 𝐸(𝜀0𝑠𝑡 ) =
𝐸(𝜀1𝑠𝑡 ) = 𝐸(𝜀2𝑠𝑡 ) = 0, 𝐸(𝜀20𝑠𝑡 ) =

∑𝐿

ℎ=1𝑊
2
ℎ
𝛾∗
ℎ
𝑆2
𝑦ℎ

= 𝐼∗0 , 𝐸(𝜀21𝑠𝑡 ) =∑𝐿

ℎ=1𝑊
2
ℎ
𝛾∗
ℎ
𝑆2
𝑥ℎ

= 𝐼∗1 , 𝐸(𝜀22𝑠𝑡 ) = 𝐸(𝜀1𝑠𝑡 , 𝜀2𝑠𝑡 ) =
∑𝐿

ℎ=1𝑊
2
ℎ
𝛾ℎ𝑆

2
𝑥ℎ

= 𝐼1, 

𝐸(𝜀0𝑠𝑡 , 𝜀1𝑠𝑡 ) =
∑𝐿

ℎ=1𝑊
2
ℎ
𝛾∗
ℎ
𝜌𝑥𝑦ℎ𝑆𝑥ℎ

𝑆𝑦ℎ
= 𝐼∗01 and 𝐸(𝜀0𝑠𝑡 , 𝜀2𝑠𝑡 ) =∑𝐿

ℎ=1𝑊
2
ℎ
𝛾ℎ 𝜌𝑥𝑦ℎ𝑆𝑥ℎ

𝑆𝑦ℎ
= 𝐼01, where 𝛾∗

ℎ
= (1∕𝑟ℎ) − (1∕𝑁ℎ) and 𝛾ℎ =
237

(1∕𝑛ℎ) − (1∕𝑁ℎ).
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The undermentioned notation are considered to determine the at-

tributes of the separate point estimators.

Let 𝑦̄𝑟ℎ = 𝑌ℎ + 𝑒0ℎ , 𝑥̄𝑟ℎ = 𝑋̄ℎ + 𝑒1ℎ , 𝑥̄𝑛ℎ = 𝑋̄ℎ + 𝑒2ℎ such that 𝐸(𝑒0ℎ ) =
𝐸(𝑒1ℎ ) = 𝐸(𝑒2ℎ ) = 0, 𝐸(𝑒20ℎ ) = 𝛾∗

ℎ
𝑆2
𝑦ℎ

= 𝐽 ∗
0 , 𝐸(𝑒21ℎ ) = 𝛾∗

ℎ
𝑆2
𝑥ℎ

= 𝐽 ∗
1 , 

𝐸(𝑒22ℎ ) = 𝐸(𝑒1ℎ , 𝑒2ℎ ) = 𝛾ℎ𝑆
2
𝑥ℎ

= 𝐽1, 𝐸(𝑒0ℎ , 𝑒1ℎ ) = 𝛾∗
ℎ
𝜌𝑥𝑦ℎ𝑆𝑥ℎ

𝑆𝑦ℎ
= 𝐽 ∗

01
and 𝐸(𝑒0ℎ , 𝑒2ℎ ) = 𝛾ℎ𝜌𝑥𝑦ℎ𝑆𝑥ℎ

𝑆𝑦ℎ
= 𝐽01.

The following sections make up the article’s structure. We examine 
the commonly used CSIMs in Section 2. We propose some CSIMs in Sec-

tion 3. Section 4 provides a theoretical comparison between existing 
and suggested IMs. Section 5 provides the simulation study along with 
the discussion of simulation results. The illustration of the proposed 
methods is shown in Section 6. Section 7 provides the conclusion of the 
study.

2. Existing imputation methods

The mean IM under SSRS is

𝑦.𝑖𝑚 =

{
𝑦𝑖 if 𝑖 ∈𝑅𝑢

𝑦̄𝑟𝑠𝑡 if 𝑖 ∈ 𝑅̄𝑢

The sequent estimator is

𝑇𝑚 = 𝑦̄𝑟𝑠𝑡

where the stratified sample mean of study variable 𝑦 is given by 𝑦̄𝑟𝑠𝑡 =
𝐿∑

ℎ=1
𝑊ℎ𝑦̄ℎ.

Further, we consider some prominent commonly used CSIMs.

2.1. Combined imputation methods

The IMs are divided into following strategies in the availability of 
auxiliary informations.

Strategy I: If 𝑋̄ is known and 𝑥̄𝑛𝑠𝑡 is used.

Strategy II: If 𝑋̄ is known and 𝑥̄𝑟𝑠𝑡 is used.

Strategy III: If 𝑋̄ is unknown and 𝑥̄𝑛𝑠𝑡 , and 𝑥̄𝑟𝑠𝑡 are used.

The conventional combined ratio IMs are prescribed under SSRS as

Strategy I

𝑦𝑐
.𝑖𝑅1

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

1
𝑛−𝑟

(
𝑛𝑦̄𝑟𝑠𝑡

𝑋̄

𝑥̄𝑛𝑠𝑡
− 𝑟𝑦̄𝑟𝑠𝑡

)
if 𝑖 ∈ 𝑅̄𝑢

Strategy II

𝑦𝑐
.𝑖𝑅2

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

1
𝑛−𝑟

(
𝑛𝑦̄𝑟𝑠𝑡

𝑋̄

𝑥̄𝑟𝑠𝑡
− 𝑟𝑦̄𝑟𝑠𝑡

)
if 𝑖 ∈ 𝑅̄𝑢

Strategy III

𝑦𝑐
.𝑖𝑅3

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

1
𝑛−𝑟

(
𝑛𝑦̄𝑟𝑠𝑡

𝑥̄𝑛𝑠𝑡

𝑥̄𝑟𝑠𝑡
− 𝑟𝑦̄𝑟𝑠𝑡

)
if 𝑖 ∈ 𝑅̄𝑢

The sequent estimators are given as follows:

𝑇 𝑐
𝑅1

= 𝑦̄𝑟𝑠𝑡
𝑋̄

𝑥̄𝑛𝑠𝑡

𝑇 𝑐
𝑅2

= 𝑦̄𝑟𝑠𝑡
𝑋̄

𝑥̄𝑟𝑠𝑡

𝑇 𝑐
𝑅

= 𝑦̄𝑟𝑠𝑡

𝑥̄𝑛𝑠𝑡

3 𝑥̄𝑟𝑠𝑡
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where 𝑥̄𝑛𝑠𝑡 =
𝐿∑

ℎ=1
𝑊ℎ𝑥̄ℎ is the sample mean of the auxiliary variable 𝑥

under SSRS.

Motivated by [4], we define the classical regression IM under SSRS as

Strategy I

𝑦𝑐
.𝑖𝐷𝑃1

=

{
𝑦̄𝑖 if 𝑖 ∈𝑅𝑢

𝑦̄𝑟𝑠𝑡 +
𝑛

𝑛−𝑟 𝑏1(𝑋̄ − 𝑥̄𝑛𝑠𝑡 ) if 𝑖 ∈ 𝑅̄𝑢

Strategy II

𝑦𝑐
.𝑖𝐷𝑃2

=

{
𝑦̄𝑖 if 𝑖 ∈𝑅𝑢

𝑦̄𝑟𝑠𝑡 +
𝑛

𝑛−𝑟 𝑏2(𝑋̄ − 𝑥̄𝑟𝑠𝑡 ) if 𝑖 ∈ 𝑅̄𝑢

Strategy III

𝑦𝑐
.𝑖𝐷𝑃3

=

{
𝑦̄𝑖 if 𝑖 ∈𝑅𝑢

𝑦̄𝑟𝑠𝑡 +
𝑛

𝑛−𝑟 𝑏3(𝑥̄𝑛𝑠𝑡 − 𝑥̄𝑟𝑠𝑡 ) if 𝑖 ∈ 𝑅̄𝑢

The sequent estimators are given as follows:

𝑇 𝑐
𝐷𝑃1

= 𝑦̄𝑟𝑠𝑡 + 𝑏1(𝑋̄ − 𝑥̄𝑛𝑠𝑡 )

𝑇 𝑐
𝐷𝑃2

= 𝑦̄𝑟𝑠𝑡 + 𝑏2(𝑋̄ − 𝑥̄𝑟𝑠𝑡 )

𝑇 𝑐
𝐷𝑃3

= 𝑦̄𝑟𝑠𝑡 + 𝑏3(𝑥̄𝑛𝑠𝑡 − 𝑥̄𝑟𝑠𝑡 )

where 𝑏𝑗 , 𝑗 = 1, 2, 3 are the regression coefficients for the respective 
strategies.

On the lines of [27], [26], and [28], we investigate the following com-

bined ratio categories of IMs based on SSRS as

Strategy I

𝑦𝑐
.𝑖𝑆1

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

𝑛

𝑛−𝑟

[
𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝑥̄𝑛𝑠𝑡

)𝛽1
− 𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

𝑦𝑐
.𝑖𝑆4

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

𝑛

𝑛−𝑟

[
𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝛽4𝑥̄𝑛𝑠𝑡+(1−𝛽4)𝑋̄

)
− 𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

Strategy II

𝑦𝑐
.𝑖𝑆2

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

𝑛

𝑛−𝑟

[
𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝑥̄𝑟𝑠𝑡

)𝛽2
− 𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

𝑦𝑐
.𝑖𝑆5

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

𝑛

𝑛−𝑟

[
𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝛽5𝑥̄𝑟𝑠𝑡+(1−𝛽5)𝑋̄

)
− 𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

Strategy III

𝑦𝑐
.𝑖𝑆3

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

𝑛

𝑛−𝑟

[
𝑦̄𝑟𝑠𝑡

(
𝑥̄𝑛𝑠𝑡

𝑥̄𝑟𝑠𝑡

)𝛽3
− 𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

𝑦𝑐
.𝑖𝑆6

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

𝑛

𝑛−𝑟

[
𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝛽6𝑥̄𝑟𝑠𝑡+(1−𝛽6)𝑥̄𝑛𝑠𝑡

)
− 𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

The sequent estimators are given by

𝑇 𝑐
𝑆1

= 𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝑥̄𝑛𝑠𝑡

)𝛽1

𝑇 𝑐 = 𝑦̄

(
𝑋̄

)𝛽2
238
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𝑇 𝑐
𝑆3

= 𝑦̄𝑟𝑠𝑡

(
𝑥̄𝑛𝑠𝑡

𝑥̄𝑟𝑠𝑡

)𝛽3

𝑇 𝑐
𝑆4

= 𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝛽4𝑥̄𝑛𝑠𝑡 + (1 − 𝛽4)𝑋̄

)

𝑇 𝑐
𝑆5

= 𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝛽5𝑥̄𝑟𝑠𝑡 + (1 − 𝛽5)𝑋̄

)

𝑇 𝑐
𝑆6

= 𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝛽6𝑥̄𝑟𝑠𝑡 + (1 − 𝛽6)𝑥̄𝑛𝑠𝑡

)
where 𝛽𝑖; 𝑖 = 1, 2, ..., 6 are properly chosen scalars.

In Appendix A, the mean square error (MSE) of the subsequent estima-

tors derived from various IMs is provided.

2.2. Separate imputation methods

The separate methods of imputation are classified into following 
strategies in the accessibility of auxiliary informations.

Strategy I: If 𝑋̄ℎ is known and 𝑥̄𝑛ℎ is used.

Strategy II: If 𝑋̄ℎ is known and 𝑥̄𝑟ℎ is used.

Strategy III: If 𝑋̄ℎ is unknown and 𝑥̄𝑛ℎ , 𝑥̄𝑟ℎ are used.

The classical separate ratio type methods of imputation under SSRS is 
defined as

Strategy I

𝑦𝑠
.𝑖𝑅1

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

1
𝑛−𝑟

(
𝑛𝑦̄𝑟ℎ

𝑋̄ℎ

𝑥̄𝑛ℎ

− 𝑟𝑦̄𝑟ℎ

)
if 𝑖 ∈ 𝑅̄𝑢ℎ

Strategy II

𝑦𝑠
.𝑖𝑅2

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

1
𝑛−𝑟

(
𝑛𝑦̄𝑟ℎ

𝑋̄ℎ

𝑥̄𝑟ℎ

− 𝑟𝑦̄𝑟ℎ

)
if 𝑖 ∈ 𝑅̄𝑢ℎ

Strategy III

𝑦𝑠
.𝑖𝑅3

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

1
𝑛−𝑟

(
𝑛𝑦̄𝑟ℎ

𝑥̄𝑛ℎ

𝑥̄𝑟ℎ

− 𝑟𝑦̄𝑟ℎ

)
if 𝑖 ∈ 𝑅̄𝑢ℎ

The sequent estimators are given by

𝑇 𝑠
𝑅1

=
𝐿∑

ℎ=1
𝑊ℎ𝑦̄𝑟ℎ

𝑋̄ℎ

𝑥̄𝑛ℎ

𝑇 𝑠
𝑅2

=
𝐿∑

ℎ=1
𝑊ℎ𝑦̄𝑟ℎ

𝑋̄ℎ

𝑥̄𝑟ℎ

𝑇 𝑠
𝑅3

=
𝐿∑

ℎ=1
𝑊ℎ𝑦̄𝑟ℎ

𝑥̄𝑛ℎ

𝑥̄𝑟ℎ

Following [4], we define the separate regression IMs under SSRS as

Strategy I

𝑦𝑠
.𝑖𝐷𝑃1

=

{
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝑦̄𝑟ℎ +
𝑛

𝑛−𝑟 𝑏1ℎ (𝑋̄ℎ − 𝑥̄𝑛ℎ ) if 𝑖 ∈ 𝑅̄𝑢ℎ

Strategy II

𝑦𝑠
.𝑖𝐷𝑃2

=

{
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝑦̄𝑟ℎ +
𝑛

𝑛−𝑟 𝑏2ℎ (𝑋̄ℎ − 𝑥̄𝑟ℎ ) if 𝑖 ∈ 𝑅̄𝑢ℎ

Strategy III

𝑦𝑠 =

{
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ
.𝑖𝐷𝑃3 𝑦̄𝑟ℎ +
𝑛

𝑛−𝑟 𝑏3ℎ (𝑥̄𝑛ℎ − 𝑥̄𝑟ℎ ) if 𝑖 ∈ 𝑅̄𝑢ℎ
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The sequent separate estimators are given by

𝑇 𝑠
𝐷𝑃1

=
𝐿∑

ℎ=1
𝑊ℎ[𝑦̄𝑟ℎ + 𝑏1ℎ (𝑋̄ℎ − 𝑥̄𝑛ℎ )]

𝑇 𝑠
𝐷𝑃2

=
𝐿∑

ℎ=1
𝑊ℎ[𝑦̄𝑟ℎ + 𝑏2ℎ (𝑋̄ℎ − 𝑥̄𝑟ℎ )]

𝑇 𝑠
𝐷𝑃3

=
𝐿∑

ℎ=1
𝑊ℎ[𝑦̄𝑟ℎ + 𝑏3ℎ (𝑥̄𝑛ℎ − 𝑥̄𝑟ℎ )]

On the lines of [27], we investigate the following separate ratio cate-

gories of IMs based on SSRS as

Strategy I

𝑦𝑠
.𝑖𝑠1

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝑛

𝑛−𝑟

[
𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝑥̄𝑛ℎ

)𝛽1ℎ
− 𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

𝑦𝑠
.𝑖𝑠4

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝑛

𝑛−𝑟

[
𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝛽4ℎ 𝑥̄𝑛ℎ+(1−𝛽4ℎ )𝑋̄ℎ

)
− 𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

Strategy II

𝑦𝑠
.𝑖𝑠2

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝑛

𝑛−𝑟

[
𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝑥̄𝑟ℎ

)𝛽2ℎ
− 𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

𝑦𝑠
.𝑖𝑠5

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝑛

𝑛−𝑟

[
𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝛽5ℎ 𝑥̄𝑟ℎ+(1−𝛽5ℎ )𝑋̄ℎ

)
− 𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

Strategy III

𝑦.𝑖𝑠3 =
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝑛

𝑛−𝑟

[
𝑦̄𝑟ℎ

(
𝑥̄𝑛ℎ

𝑥̄𝑟ℎ

)𝛽3ℎ
− 𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

𝑦𝑠
.𝑖𝑠6

=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝑛

𝑛−𝑟

[
𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝛽6ℎ 𝑥̄𝑟ℎ+(1−𝛽6ℎ )𝑥̄𝑛ℎ

)
− 𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

The sequent estimators are given by

𝑇 𝑠
𝑆1

=
𝐿∑

ℎ=1
𝑊ℎ𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝑥̄𝑛ℎ

)𝛽1ℎ

𝑇 𝑠
𝑆2

=
𝐿∑

ℎ=1
𝑊ℎ𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝑥̄𝑟ℎ

)𝛽2ℎ

𝑇 𝑠
𝑆3

=
𝐿∑

ℎ=1
𝑊ℎ𝑦̄𝑟ℎ

(
𝑥̄𝑛ℎ

𝑥̄𝑟ℎ

)𝛽3ℎ

𝑇 𝑠
𝑆4

=
𝐿∑

ℎ=1
𝑊ℎ𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝛽4ℎ 𝑥̄𝑛ℎ + (1 − 𝛽4ℎ )𝑋̄ℎ

)

𝑇 𝑠
𝑆5

=
𝐿∑

ℎ=1
𝑊ℎ𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝛽5ℎ 𝑥̄𝑟ℎ + (1 − 𝛽5ℎ )𝑋̄ℎ

)

𝑇 𝑠
𝑆6

=
𝐿∑

ℎ=1
𝑊ℎ𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝛽6ℎ 𝑥̄𝑟ℎ + (1 − 𝛽6ℎ )𝑥̄𝑛ℎ

)
where 𝛽𝑖ℎ ; 𝑖 = 1, 2, ..., 6 are properly chosen scalars.

In Appendix B, the minimum MSE of the sequent estimators made up of 
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3. Suggested imputation methods

In the previous section, the IMs do not compete with the regression 
IM which is BLUE. The nub of this section is to suggest a few novel 
combined and separate population mean methods of imputation in case 
of missing data in SSRS which can compete with the BLUE. Motivated 
by [5], [29], [21], [10], and [30], we propose the following CSIMs 
based on SSRS.

3.1. Combined imputation methods

We suggest nine novel combined methods of imputation in the 
strategies described in the former section as

Strategy I

𝑦.𝑖𝑎𝑘1
=

{
𝛼1𝑦𝑖 if 𝑖 ∈𝑅𝑢

𝛼1𝑦̄𝑟𝑠𝑡 +
𝑛𝜃1
𝑛−𝑟 (𝑥̄𝑛𝑠𝑡 − 𝑋̄) if 𝑖 ∈ 𝑅̄𝑢

𝑦.𝑖𝑎𝑘4
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

1
𝑛−𝑟

[
𝑛𝛼4𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝑥̄𝑛𝑠𝑡

)𝜃4
− 𝑟𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

𝑦.𝑖𝑎𝑘7
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

1
𝑛−𝑟

[
𝑛𝛼7𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝑋̄+𝜃7(𝑥̄𝑛𝑠𝑡−𝑋̄)

)
− 𝑟𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

Strategy II

𝑦.𝑖𝑎𝑘2
=

{
𝛼2𝑦𝑖 if 𝑖 ∈𝑅𝑢

𝛼2𝑦̄𝑟𝑠𝑡 +
𝑛𝜃2
𝑛−𝑟 (𝑥̄𝑟𝑠𝑡 − 𝑋̄) if 𝑖 ∈ 𝑅̄𝑢

𝑦.𝑖𝑎𝑘5
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

1
𝑛−𝑟

[
𝑛𝛼5𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝑥̄𝑟𝑠𝑡

)𝜃5
− 𝑟𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

𝑦.𝑖𝑎𝑘8
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

1
𝑛−𝑟

[
𝑛𝛼8𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝑋̄+𝜃8(𝑥̄𝑟𝑠𝑡−𝑋̄)

)
− 𝑟𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

Strategy III

𝑦.𝑖𝑎𝑘3
=

{
𝛼3𝑦𝑖 if 𝑖 ∈𝑅𝑢

𝛼3𝑦̄𝑟𝑠𝑡 +
𝑛𝜃3
𝑛−𝑟 (𝑥̄𝑟𝑠𝑡 − 𝑥̄𝑛𝑠𝑡 ) if 𝑖 ∈ 𝑅̄𝑢

𝑦.𝑖𝑎𝑘6
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

1
𝑛−𝑟

[
𝑛𝛼6𝑦̄𝑟𝑠𝑡

(
𝑥̄𝑛𝑠𝑡

𝑥̄𝑟𝑠𝑡

)𝜃6
− 𝑟𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

𝑦.𝑖𝑎𝑘9
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢

1
𝑛−𝑟

[
𝑛𝛼9𝑦̄𝑟𝑠𝑡

(
𝑥̄𝑛𝑠𝑡

𝑥̄𝑛𝑠𝑡
+𝜃9(𝑥̄𝑛𝑠𝑡−𝑥̄𝑟𝑠𝑡 )

)
− 𝑟𝑦̄𝑟𝑠𝑡

]
if 𝑖 ∈ 𝑅̄𝑢

Under the above strategies, the point estimators are given as follows:

𝑇 𝑐
𝑎𝑘1

= 𝛼1𝑦̄𝑟𝑠𝑡 + 𝜃1(𝑥̄𝑛𝑠𝑡 − 𝑋̄)

𝑇 𝑐
𝑎𝑘2

= 𝛼2𝑦̄𝑟𝑠𝑡 + 𝜃2(𝑥̄𝑟𝑠𝑡 − 𝑋̄)

𝑇 𝑐
𝑎𝑘3

= 𝛼3𝑦̄𝑟𝑠𝑡 + 𝜃3(𝑥̄𝑟𝑠𝑡 − 𝑥̄𝑛𝑠𝑡 )

𝑇 𝑐
𝑎𝑘4

= 𝛼4𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝑥̄𝑛𝑠𝑡

)𝜃4

𝑇 𝑐
𝑎𝑘5

= 𝛼5𝑦̄𝑟𝑠𝑡

(
𝑋̄

𝑥̄𝑟𝑠𝑡

)𝜃5

𝑐

(
𝑥̄𝑛𝑠𝑡

)𝜃6

𝑇
𝑎𝑘6

= 𝛼6𝑦̄𝑟𝑠𝑡 𝑥̄𝑟𝑠𝑡
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𝑇 𝑐
𝑎𝑘7

= 𝛼7𝑦̄𝑟𝑠𝑡

[
𝑋̄

𝑋̄ + 𝜃7(𝑥̄𝑛𝑠𝑡 − 𝑋̄)

]
𝑇 𝑐
𝑎𝑘8

= 𝛼8𝑦̄𝑟𝑠𝑡

[
𝑋̄

𝑋̄ + 𝜃8(𝑥̄𝑟𝑠𝑡 − 𝑋̄)

]
𝑇 𝑐
𝑎𝑘9

= 𝛼9𝑦̄𝑟𝑠𝑡

[
𝑥̄𝑛𝑠𝑡

𝑥̄𝑛𝑠𝑡 + 𝜃9(𝑥̄𝑟𝑠𝑡 − 𝑥̄𝑛𝑠𝑡 )

]
where 𝛼𝑗 and 𝜃𝑗 ; 𝑗 = 1, 2, ..., 9 have been properly chosen scalars.

Notably, the suggested combined IMs 𝑦𝑐
.𝑖𝑎𝑘𝑗

, 𝑗 = 1, 2, ..., 9 reduce to the 
current combined IMs for known values of scalars as

1. Conventional mean IM 𝑦𝑐
.𝑖𝑚

for (𝛼𝑗 , 𝜃𝑗 ; 𝑗 = 4, 5, 6)=(1,0).

2. Classical ratio IM 𝑦𝑐
.𝑖𝑅𝑗

, 𝑗 = 1, 2, 3 for (𝛼𝑗 , 𝜃𝑗 ; 𝑗 = 4, 5, 6)=(1,1).

3. Imputation techniques envisaged on the lines of [27] 𝑦𝑐
.𝑖𝑆𝑗

, 𝑗 =
1, 2, ..., 6 for (𝛼𝑗 , 𝜃𝑗 ; 𝑗 = 4, 5, ..., 9)=(𝛼𝑗 , 1).

4. Imputation techniques envisaged on the lines of [4] 𝑦𝑐
.𝑖𝐷𝑃𝑗

, 𝑗 =
1, 2, 3 for (𝛼𝑗 , 𝜃𝑗 ; 𝑗 = 1, 2, 3) = (1, 𝑏𝑗 ).

3.1.1. MSE and minimum MSE of the proposed combined estimators

The MSE of the sequent estimators consisting of the suggested meth-

ods imputation is provided as

𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘1

) = (𝛼1 − 1)2𝑌 2 + 𝛼21𝑌
2𝐼∗0 + 𝜃21𝑋̄

2𝐼1 + 2𝛼1𝜃1𝑋̄𝑌 𝐼01

𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘2

) = (𝛼2 − 1)2𝑌 2 + 𝛼22𝑌
2𝐼∗0 + 𝜃22𝑋̄

2𝐼∗1 + 2𝛼2𝜃2𝑋̄𝑌 𝐼∗01

𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘3

) =
[
(𝛼3 − 1)2𝑌 2 + 𝛼23𝑌

2𝐼∗0 + 𝜃23𝑋̄
2 {𝐼∗1 − 𝐼1

}
+2𝛼3𝜃3𝑋̄𝑌

{
𝐼∗01 − 𝐼01

} ]
𝑀𝑆𝐸(𝑇 𝑐

𝑎𝑘4
) = 𝑌 2

[
1 + 𝛼24

{
1 + 𝐼∗0 + 𝜃4(2𝜃4 + 1)𝐼1 − 4𝜃4𝐼01

}
−2𝛼4

{
1 − 𝜃4𝐼01 +

𝜃4(𝜃4+1)
2 𝐼1

} ]

𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘5

) = 𝑌 2

[
1 + 𝛼25

{
1 + 𝐼∗0 + 𝜃5(2𝜃5 + 1)𝐼∗1 − 4𝜃5𝐼∗01

}
−2𝛼5

{
1 − 𝜃5𝐼

∗
01 +

𝜃5(𝜃5+1)
2 𝐼∗1

} ]
𝑀𝑆𝐸(𝑇 𝑐

𝑎𝑘6
)

= 𝑌 2

[
1 + 𝛼26

{
1 + 𝐼∗0 + 𝜃6(2𝜃6 + 1)(𝐼∗1 − 𝐼1) − 4𝜃6(𝐼∗01 − 𝐼01)

}
−2𝛼6

{
1 − 𝜃6(𝐼∗01 − 𝐼01) +

𝜃6(𝜃6+1)
2 (𝐼∗1 − 𝐼1)

} ]

𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘7

) = 𝑌 2
[
1 + 𝛼27

{
1 + 𝐼∗0 + 3𝜃27𝐼1 − 4𝜃7𝐼01

}
−2𝛼7

{
1 + 𝜃27𝐼1 − 𝜃7𝐼01

} ]
𝑀𝑆𝐸(𝑇 𝑐

𝑎𝑘8
) = 𝑌 2

[
1 + 𝛼28

{
1 + 𝐼∗0 + 3𝜃28𝐼

∗
1 − 4𝜃8𝐼∗01

}
−2𝛼8

{
1 + 𝜃28𝐼

∗
1 − 𝜃8𝐼

∗
01
} ]

𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘9

) = 𝑌 2
[
1 + 𝛼29

{
1 + 𝐼∗0 + 3𝜃29( 𝐼

∗
1 − 𝐼1 ) − 4𝜃9(𝐼∗01 − 𝐼01)

}
−2𝛼9

{
1 + 𝜃29(𝐼

∗
1 − 𝐼1) − 𝜃9(𝐼∗01 − 𝐼01)

} ]
The minimum MSE of the sequent estimators consisting of the suggested 
IMs is provided by

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘𝑗

) = 𝑌 2(1 − 𝛼𝑗(𝑜𝑝𝑡)) = 𝑌 2

(
1 −

𝐴2
𝑗

𝐵𝑗

)
; 𝑗 = 1,2,3 (3.1)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘𝑗

) = 𝑌 2

(
1 −

𝐴2
𝑗

𝐵𝑗

)
; 𝑗 = 4,5,6,7,8,9 (3.2)

Appendix C contains a the derivations of these MSE expressions along 
with brief annotations.

3.2. Separate imputation methods

We suggest the following new separate IMs under the strategies de-

scribed primarily as

𝑦𝑠
.𝑖

𝑦𝑠
.𝑖

𝑦𝑠
.𝑖

St

𝑦𝑠
.𝑖

𝑦𝑠
.𝑖

𝑦𝑠
.𝑖

St

𝑦𝑠
.𝑖

𝑦𝑠
.𝑖

𝑦𝑠
.𝑖

Th

𝑇
𝑎

𝑇
𝑎

𝑇
𝑎

𝑇
𝑎

𝑇
𝑎

𝑇
𝑎

𝑇
𝑎

𝑇
𝑎

𝑇
𝑎

240

Strategy I
Alexandria Engineering Journal 95 (2024) 236–246

𝑎𝑘1
=

{
𝛼1ℎ𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝛼1ℎ 𝑦̄𝑟ℎ +
𝑛𝜃1ℎ
𝑛−𝑟 (𝑥̄𝑛ℎ − 𝑋̄ℎ) if 𝑖 ∈ 𝑅̄𝑢ℎ

𝑎𝑘4
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

1
𝑛−𝑟

[
𝑛𝛼4ℎ 𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝑥̄𝑛ℎ

)𝜃4ℎ
− 𝑟𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

𝑎𝑘7
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

1
𝑛−𝑟

[
𝑛𝛼7ℎ 𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝑋̄ℎ+𝜃7ℎ (𝑥̄𝑛ℎ−𝑋̄ℎ)

)
− 𝑟𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

rategy II

𝑎𝑘2
=

{
𝛼2ℎ𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝛼2ℎ 𝑦̄𝑟ℎ +
𝑛𝜃2ℎ
𝑛−𝑟 (𝑥̄𝑟ℎ − 𝑋̄ℎ) if 𝑖 ∈ 𝑅̄𝑢ℎ

𝑎𝑘5
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

1
𝑛−𝑟

[
𝑛𝛼5ℎ 𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝑥̄𝑟ℎ

)𝜃5ℎ
− 𝑟𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

𝑎𝑘8
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

1
𝑛−𝑟

[
𝑛𝛼8ℎ 𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝑋̄ℎ+𝜃8ℎ (𝑥̄𝑟ℎ−𝑋̄ℎ)

)
− 𝑟𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

rategy III

𝑎𝑘3
=

{
𝛼3ℎ𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

𝛼3ℎ 𝑦̄𝑟ℎ +
𝑛𝜃3ℎ
𝑛−𝑟 (𝑥̄𝑟ℎ − 𝑥̄𝑛ℎ ) if 𝑖 ∈ 𝑅̄𝑢ℎ

𝑎𝑘6
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

1
𝑛−𝑟

[
𝑛𝛼6ℎ 𝑦̄𝑟ℎ

(
𝑥̄𝑛ℎ

𝑥̄𝑟ℎ

)𝜃6ℎ
− 𝑟𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

𝑎𝑘9
=
⎧⎪⎨⎪⎩
𝑦𝑖 if 𝑖 ∈𝑅𝑢ℎ

1
𝑛−𝑟

[
𝑛𝛼9ℎ 𝑦̄𝑟ℎ

(
𝑥̄𝑛ℎ

𝑥̄𝑛ℎ
+𝜃9ℎ (𝑥̄𝑛ℎ−𝑥̄𝑟ℎ )

)
− 𝑟𝑦̄𝑟ℎ

]
if 𝑖 ∈ 𝑅̄𝑢ℎ

e sequent estimators are given by

𝑠
𝑘1

=
𝐿∑

ℎ=1
𝑊ℎ[𝛼1ℎ 𝑦̄𝑟ℎ + 𝜃1ℎ (𝑥̄𝑛ℎ − 𝑋̄ℎ)]

𝑠
𝑘2

=
𝐿∑

ℎ=1
𝑊ℎ[𝛼2ℎ 𝑦̄𝑟ℎ + 𝜃2ℎ (𝑥̄𝑟ℎ − 𝑋̄ℎ)]

𝑠
𝑘3

=
𝐿∑

ℎ=1
𝑊ℎ[𝛼3ℎ 𝑦̄𝑟ℎ + 𝜃3ℎ (𝑥̄𝑟ℎ − 𝑥̄𝑛ℎ )]

𝑠
𝑘4

=
𝐿∑

ℎ=1
𝑊ℎ𝛼4ℎ 𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝑥̄𝑛ℎ

)𝜃4ℎ

𝑠
𝑘5

=
𝐿∑

ℎ=1
𝑊ℎ𝛼5ℎ 𝑦̄𝑟ℎ

(
𝑋̄ℎ

𝑥̄𝑟ℎ

)𝜃5ℎ

𝑠
𝑘6

=
𝐿∑

ℎ=1
𝑊ℎ𝛼6ℎ 𝑦̄𝑟ℎ

(
𝑥̄𝑛ℎ

𝑥̄𝑟ℎ

)𝜃6ℎ

𝑠
𝑘7

=
𝐿∑

ℎ=1
𝑊ℎ𝛼7ℎ 𝑦̄𝑟ℎ

[
𝑋̄ℎ

𝑋̄ℎ + 𝜃7ℎ (𝑥̄𝑛ℎ − 𝑋̄ℎ)

]
𝑠
𝑘8

=
𝐿∑

ℎ=1
𝑊ℎ𝛼8ℎ 𝑦̄𝑟ℎ

[
𝑋̄ℎ

𝑋̄ℎ + 𝜃8ℎ (𝑥̄𝑟ℎ − 𝑋̄ℎ)

]
𝑠
𝑘9

=
𝐿∑

𝑊ℎ𝛼9ℎ 𝑦̄𝑟ℎ

[
𝑥̄𝑛ℎ

]

ℎ=1 𝑥̄𝑛ℎ + 𝜃9ℎ (𝑥̄𝑟ℎ − 𝑥̄𝑛ℎ )
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where 𝛼𝑗ℎ and 𝜃𝑗ℎ ; 𝑗 = 1, 2, ...9 are the properly chosen scalars.

It is important to note that the suggested separate IMs 𝑦𝑠
.𝑖𝑎𝑘𝑗

, 𝑗 =
1, 2, ..., 9 reduce to the existing separate IMs for known values of scalars 
as

1. Conventional mean IM 𝑦𝑐
.𝑖𝑚

for (𝛼𝑗ℎ , 𝜃𝑗ℎ ; 𝑗 = 4, 5, 6)=(1,0).

2. Classical ratio IM 𝑦𝑐
.𝑖𝑅𝑗ℎ

, 𝑗 = 1, 2, 3 for (𝛼𝑗ℎ , 𝜃𝑗ℎ ; 𝑗 = 4, 5, 6)=(1,1).

3. Imputation techniques envisaged on the lines of [27] 𝑦𝑐
.𝑖𝑆𝑗ℎ

, 𝑗 =

1, 2, ..., 6 for (𝛼𝑗ℎ , 𝜃𝑗ℎ ; 𝑗 = 4, 5, ..., 9) = (𝛼𝑗ℎ , 1).
4. Imputation techniques envisaged on the lines of [4] 𝑦𝑐

.𝑖𝐷𝑃𝑗ℎ

, 𝑗 =

1, 2, 3 for (𝛼𝑗ℎ , 𝜃𝑗ℎ ; 𝑗 = 1, 2, 3) = (1, 𝑏𝑗ℎ ).

3.2.1. MSE and minimum MSE of the proposed separate estimators

The MSE of the sequent estimators based on the suggested IMs is 
given by

𝑀𝑆𝐸(𝑇 𝑠
𝑎𝑘1

)

=
𝐿∑

ℎ=1
𝑊 2

ℎ

{
(𝛼1ℎ − 1)2𝑌 2

ℎ
+ 𝛼21ℎ

𝑌 2
ℎ
𝐽 ∗
0 + 𝜃21ℎ

𝑋̄2
ℎ
𝐽1 + 2𝛼1ℎ𝜃1ℎ 𝑋̄ℎ𝑌ℎ𝐽01

}
𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘2
)

=
𝐿∑

ℎ=1
𝑊 2

ℎ

{
(𝛼2ℎ − 1)2𝑌 2

ℎ
+ 𝛼22ℎ

𝑌 2
ℎ
𝐽 ∗
0 + 𝜃22ℎ

𝑋̄2
ℎ
𝐽 ∗
1 + 2𝛼2ℎ𝜃2ℎ 𝑋̄ℎ𝑌ℎ𝐽

∗
01

}
𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘3
) =

𝐿∑
ℎ=1

𝑊 2
ℎ

[
(𝛼3ℎ − 1)2𝑌 2

ℎ
+ 𝛼23ℎ

𝑌 2
ℎ
𝐽 ∗
0 + 𝜃23ℎ

𝑋̄2
ℎ

{
𝐽 ∗
1 − 𝐽1

}
+2𝛼3ℎ𝜃3ℎ 𝑋̄ℎ𝑌ℎ

{
𝐽 ∗
01 − 𝐽01

} ]
𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘4
)

=
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

⎡⎢⎢⎣
1 + 𝛼24ℎ

{
1 + 𝐽 ∗

0 + 𝜃4ℎ (2𝜃4ℎ + 1)𝐽1 − 4𝜃4ℎ𝐽01
}

−2𝛼4ℎ
{
1 − 𝜃4ℎ𝐽01 +

𝜃4ℎ (𝜃4ℎ+1)
2 𝐽1

} ⎤⎥⎥⎦
𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘5
)

=
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

⎡⎢⎢⎣
1 + 𝛼25ℎ

{
1 + 𝐽 ∗

0 + 𝜃5ℎ (2𝜃5ℎ + 1)𝐽 ∗
1 − 4𝜃5ℎ𝐽

∗
01
}

−2𝛼5ℎ
{
1 − 𝜃5ℎ𝐽

∗
01 +

𝜃5ℎ (𝜃5ℎ+1)
2 𝐽 ∗

1

} ⎤⎥⎥⎦
𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘6
)

=
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

⎡⎢⎢⎢⎣
1 + 𝛼26ℎ

{
1 + 𝐽 ∗

0 + 𝜃6ℎ (2𝜃6ℎ + 1)(𝐽 ∗
1 − 𝐽1)

−4𝜃6ℎ (𝐽
∗
01 − 𝐽01)

}
−2𝛼6ℎ

{
1 − 𝜃6ℎ (𝐽

∗
01 − 𝐽01) +

𝜃6ℎ (𝜃6ℎ+1)
2 (𝐽 ∗

1 − 𝐽1)
} ⎤⎥⎥⎥⎦

𝑀𝑆𝐸(𝑇 𝑠
𝑎𝑘7

) =
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

⎡⎢⎢⎣
1 + 𝛼27ℎ

{
1 + 𝐽 ∗

0 + 3𝜃27ℎ𝐽1 − 4𝜃7ℎ𝐽01
}

−2𝛼7ℎ
{
1 + 𝜃27ℎ

𝐽1 − 𝜃7ℎ𝐽01

} ⎤⎥⎥⎦
𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘8
) =

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

⎡⎢⎢⎣
1 + 𝛼28ℎ

{
1 + 𝐽 ∗

0 + 3𝜃28ℎ𝐽
∗
1 − 4𝜃8ℎ𝐽

∗
01

}
−2𝛼8ℎ

{
1 + 𝜃28ℎ

𝐽 ∗
1 − 𝜃8ℎ𝐽

∗
01

} ⎤⎥⎥⎦
𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘9
)

=
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

⎡⎢⎢⎢⎣
1 + 𝛼29ℎ

{
1 + 𝐽 ∗

0 + 3𝜃29ℎ ( 𝐽
∗
1 − 𝐽1 )

−4𝜃9ℎ (𝐽
∗
01 − 𝐽01)

}
−2𝛼9ℎ

{
1 + 𝜃29ℎ

(𝐽 ∗
1 − 𝐽1) − 𝜃9ℎ (𝐽

∗
01 − 𝐽01)

}
⎤⎥⎥⎥⎦

The minimum 𝑀𝑆𝐸𝑠 of the sequent estimators consisting of the prof-

fered IMs is given as

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑠
𝑎𝑘𝑗

) =
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ
(1 − 𝛼𝑗ℎ(𝑜𝑝𝑡)); 𝑗 = 1,2,3 (3.3)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑠
𝑎𝑘𝑗

) =
𝐿∑

𝑊 2
ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

)
; 𝑗 = 4,5,6,7,8,9 (3.4)
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ppendix C contains the derivations of these MSE expressions along 
ith brief annotations.

 Theoretical conditions

1. Combined imputation methods

The following theoretical conditions are obtained by comparing the 
inimum mean square error of the suggested combined IMs 𝑦𝑐

.𝑖𝑎𝑘𝑗
, 𝑗 =

 2, ..., 9 provided in (3.1) and (3.2) with the minimum mean square 
ror of the conventional combined IMs provided from (A.1) to (A.10).

𝑀𝑆𝐸(𝑇𝑚) >𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘𝑗

) ⟹
𝐴2

𝑗

𝐵𝑗

> 1 − 𝐼∗0 , 𝑗 = 1,2, ...,9

𝑆𝐸(𝑇 𝑐
𝑅1
) >𝑀𝑆𝐸(𝑇 𝑐

𝑎𝑘𝑗
) ⟹

𝐴2
𝑗

𝐵𝑗

> 1 − 𝐼∗0 − 𝐼1 + 2𝐼01

𝑆𝐸(𝑇 𝑐
𝑅2
) >𝑀𝑆𝐸(𝑇 𝑐

𝑎𝑘𝑗
) ⟹

𝐴2
𝑗

𝐵𝑗

> 1 − 𝐼∗0 − 𝐼∗1 + 2𝐼∗01

𝑆𝐸(𝑇 𝑐
𝑅3
) >𝑀𝑆𝐸(𝑇 𝑐

𝑎𝑘𝑗
) ⟹

𝐴2
𝑗

𝐵𝑗

> 1 − 𝐼∗0 + 𝐼1 − 𝐼∗1 + 2(𝐼∗01 − 𝐼01)

𝑆𝐸(𝑇 𝑐
𝐷𝑃1

) >𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘𝑗

) ⟹
𝐴2

𝑗

𝐵𝑗

> 1 − 𝐼∗0 +
𝐼201
𝐼1

𝑆𝐸(𝑇 𝑐
𝐷𝑃2

) >𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘𝑗

) ⟹
𝐴2

𝑗

𝐵𝑗

> 1 − 𝐼∗0 +
𝐼∗

2
01
𝐼∗1

𝑆𝐸(𝑇 𝑐
𝐷𝑃3

) >𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘𝑗

) ⟹
𝐴2

𝑗

𝐵𝑗

> 1 − 𝐼∗0 +
(𝐼∗01 − 𝐼01)2

(𝐼∗1 − 𝐼1)

𝑆𝐸(𝑇 𝑐
𝑆1
) >𝑀𝑆𝐸(𝑇 𝑐

𝑎𝑘𝑗
) ⟹

𝐴2
𝑗

𝐵𝑗

> 1 − 𝐼∗0 +
𝐼201
𝐼1

𝑆𝐸(𝑇 𝑐
𝑆2
) >𝑀𝑆𝐸(𝑇 𝑐

𝑎𝑘𝑗
) ⟹

𝐴2
𝑗

𝐵𝑗

> 1 − 𝐼∗0 +
𝐼∗

2
01
𝐼∗1

𝑆𝐸(𝑇 𝑐
𝑆3
) >𝑀𝑆𝐸(𝑇 𝑐

𝑎𝑘𝑗
) ⟹

𝐴2
𝑗

𝐵𝑗

> 1 − 𝐼∗0 +
(𝐼∗01 − 𝐼01)2

(𝐼∗1 − 𝐼1)

e proposed combined IMs will be reasonable provided these condi-

ons hold.

2. Separate imputation methods

The following theoretical conditions are obtained by comparing the 
inimum mean square error of the suggested combined IMs 𝑦𝑠

.𝑖𝑎𝑘𝑗
, 𝑗 =

 2, ..., 9 provided in (3.3) and (3.4) with the minimum mean square 
ror of the conventional combined IMs provided in (A.1) to (B.19).

𝑀𝑆𝐸(𝑇𝑚) >𝑀𝑆𝐸(𝑇 𝑠
𝑎𝑘𝑗

) ⟹
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)
< 𝑌 2𝐼∗0 , 𝑗 = 1,2, ...,9

𝑆𝐸(𝑇 𝑠
𝑅1
) >𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘𝑗
) ⟹

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)

<

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 + 𝐽1 − 2𝐽01

]
𝑆𝐸(𝑇 𝑠

𝑅2
) >𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘𝑗
) ⟹

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)
𝐿∑

2 ̄ 2
[ ∗ ∗ ∗ ]
<

ℎ=1
𝑊

ℎ
𝑌
ℎ

𝐽0 + 𝐽1 − 2𝐽01
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𝑀𝑆𝐸(𝑇 𝑠
𝑅3
) >𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘𝑗
) ⟹

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)

<

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 + 𝐽 ∗

1 − 𝐽1
−2(𝐽 ∗

01 − 𝐽01)

]

𝑀𝑆𝐸(𝑇 𝑠
𝐷𝑃1

) >𝑀𝑆𝐸(𝑇 𝑠
𝑎𝑘𝑗

) ⟹
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)

<

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 −

𝐽 2
01
𝐽1

]

𝑀𝑆𝐸(𝑇 𝑠
𝐷𝑃2

) >𝑀𝑆𝐸(𝑇 𝑠
𝑎𝑘𝑗

) ⟹
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)

<

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

⎡⎢⎢⎣𝐽 ∗
0 −

𝐽 ∗2
01
𝐽 ∗
1

⎤⎥⎥⎦
𝑀𝑆𝐸(𝑇 𝑠

𝐷𝑃3
) >𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘𝑗
) ⟹

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)

<

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 −

(
𝐽∗
01−𝐽01

)2(
𝐽 ∗
1 − 𝐽1

)
]

𝑀𝑆𝐸(𝑇 𝑠
𝑆1
) >𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘𝑗
) ⟹

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)

<

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 −

𝐽 2
01
𝐽1

]

𝑀𝑆𝐸(𝑇 𝑠
𝑆2
) >𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘𝑗
) ⟹

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)

<

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

⎡⎢⎢⎣𝐽 ∗
0 −

𝐽 ∗2
01
𝐽 ∗
1

⎤⎥⎥⎦
𝑀𝑆𝐸(𝑇 𝑠

𝑆3
) >𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘𝑗
) ⟹

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

(
1 −

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)

<

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 −

(
𝐽∗
01−𝐽01

)2(
𝐽 ∗
1 − 𝐽1

)
]

The suggested separate IMs can be reasonable provided the above con-

ditions hold.

4.3. Comparison of suggested CSIMs

The following condition is obtained by comparing the minimum 
MSE of the suggested combined and separate classes of estimators pro-

vided in (3.1), (3.2) and (3.3), (3.4).

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘𝑗

) −𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑠
𝑎𝑘𝑗

)

=
𝐿∑

ℎ=1

[
(𝑌 2 −𝑊 2

ℎ
𝑌 2
ℎ
) −

(
𝑌 2

𝐴2
𝑗

𝐵𝑗

−𝑊 2
ℎ
𝑌 2
ℎ

𝐴2
𝑗ℎ

𝐵𝑗ℎ

)]
(4.1)

The last term of (4.1) is generally insignificant and it becomes faded in 
if:

1. the sequent estimators are conclusive;

2. within each stratum, if both the variables (𝑥, 𝑦) are linearly related 
and the regression line goes through the origin.

The suggested combined estimators are to be strongly preferred having 
very small sample in every stratum, as the separate estimators outper-
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form in every stratum with the exception of 𝑅ℎ becoming stable from 
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Table 1

𝑃𝑅𝐸 of suggested combined estimators.

Correlation coefficient 0.6 0.7 0.8 0.9

𝑇𝑚 100 100 100 100

𝑥∗ ∼𝑁(2,7)
𝑦∗ ∼𝑁(9,11)
Strategy I

𝑇 𝑐
𝑅1

55.2264 55.6970 56.8299 58.5490

𝑇 𝑐
𝐷𝑃1

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 1,4 100.6625 100.8165 100.6375 100.5616

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 1,7 110.7267 110.8560 111.3526 112.1161

𝑇 𝑐
𝑎𝑘4

111.4849 111.6909 112.1184 112.8627

Strategy II

𝑇 𝑐
𝑅2

36.8794 37.3240 38.4072 40.0865

𝑇 𝑐
𝐷𝑃2

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 1,4 101.4089 101.7394 101.3554 101.1931

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 2,8 111.4732 111.7789 112.0705 112.7476

𝑇 𝑐
𝑎𝑘5

113.1226 113.6026 113.7344 114.3652

Strategy III

𝑇 𝑐
𝑅3

52.6092 53.0839 54.2288 55.9712

𝑇 𝑐
𝐷𝑃3

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 3,6 100.7366 100.9080 100.7088 100.6244

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 3,9 110.8009 110.9475 111.4239 112.1789

𝑇 𝑐
𝑎𝑘6

111.6458 111.8783 112.2773 113.0106

𝑥∗ ∼𝐸𝑥𝑝(1.0)
𝑦∗ ∼𝐸𝑥𝑝(0.5)
Strategy I

𝑇 𝑐
𝑅1

52.6742 49.0842 51.2637 55.3784

𝑇 𝑐
𝐷𝑃1

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 1,4 100.3880 100.4866 100.4600 100.5303

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 1,7 100.7498 100.7982 100.7993 100.9215

𝑇 𝑐
𝑎𝑘4

100.7715 100.8209 100.8222 100.9477

Strategy II

𝑇 𝑐
𝑅2

34.5214 31.3491 33.2554 37.0227

𝑇 𝑐
𝐷𝑃2

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 1,4 100.8228 101.0329 100.9761 101.1263

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 2,8 101.1845 101.3445 101.3153 101.5174

𝑇 𝑐
𝑎𝑘5

101.2314 101.3935 101.3649 101.574

Strategy III

𝑇 𝑐
𝑅3

50.0427 46.4561 48.6303 52.7625

𝑇 𝑐
𝐷𝑃3

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 3,6 100.4313 100.541 100.5114 100.5896

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 3,9 100.7931 100.8526 100.8506 100.9808

𝑇 𝑐
𝑎𝑘6

100.8173 100.8778 100.8761 101.0099

𝑥∗ ∼ 𝜒2(7)
𝑦∗ ∼ 𝜒2(11)
Strategy I

𝑇 𝑐
𝑅1

37.7957 36.9291 38.9137 40.5873

𝑇 𝑐
𝐷𝑃1

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 1,4 100.1268 100.3388 100.3466 100.8760

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 1,7 100.9514 101.1073 101.1787 101.7163

𝑇 𝑐
𝑎𝑘4

100.9896 101.1671 101.2414 101.8149

Strategy II

𝑇 𝑐
𝑅2

22.3490 21.7129 23.1803 24.4481

𝑇 𝑐
𝐷𝑃2

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 1,4 100.2680 100.7179 100.7345 101.8676

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 2,8 101.0927 101.4864 101.5666 102.7079

𝑇 𝑐
𝑎𝑘5

101.1743 101.6157 101.7022 102.9248

Strategy III

𝑇 𝑐
𝑅3

35.3523 34.5106 36.4404 38.0739

𝑇 𝑐
𝐷𝑃3

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 3,6 100.1409 100.3765 100.3852 100.9743

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 3,9 100.9655 101.1451 101.2173 101.8146

𝑇 𝑐
𝑎𝑘6

101.008 101.2117 101.2872 101.9246

stratum to stratum, given the sample in every stratum is to be enough 
big so that the approximate expression of 𝑀𝑆𝐸(𝑇 𝑠

𝑎𝑘𝑗
), 𝑗 = 1, 2, ..., 9 is 

valid.

5. Simulation study

To stimulate the soundness of the theoretical findings, motivated 
by [31], [32], and [33], a simulation study is presented by utiliz-

ing three artificial populations, namely, normal, exponential, and chi-

square, each consisting of 𝑁 = 300 units having the variables 𝑥 and 𝑦
which can be obtained as√

∗
(
𝑆𝑦

)
∗
𝑦𝑖 = 8.2 + (1 − 𝜌2

𝑥𝑦
) 𝑦

𝑖
+ 𝜌𝑥𝑦

𝑆𝑥

𝑥
𝑖
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Table 2

𝑃𝑅𝐸 of suggested separate estimators.

Correlation coefficient 0.6 0.7 0.8 0.9

𝑇𝑚 100 100 100 100

𝑥∗ ∼𝑁(2,7)
𝑦∗ ∼𝑁(4,9)
Strategy I

𝑇 𝑠
𝑅1

47.4202 48.2471 48.4044 50.0764

𝑇 𝑠
𝐷𝑃1

/𝑇 𝑠
𝑆𝑖
, 𝑖 = 1,4 100.6625 100.8165 100.6375 100.5616

𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 1,7 107.5355 107.7830 107.7864 108.2394

𝑇 𝑠
𝑎𝑘4

108.1420 108.4567 108.3925 108.8289

Strategy II

𝑇 𝑠
𝑅2

29.9329 30.6324 30.7665 32.2095

𝑇 𝑠
𝐷𝑃2

/𝑇 𝑠
𝑆𝑖
, 𝑖 = 1,4 101.4089 101.7394 101.3554 101.1931

𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 2,8 108.282 108.7059 108.5043 108.8708

𝑇 𝑠
𝑎𝑘5

109.6051 110.1820 109.8252 110.1515

Strategy III

𝑇 𝑠
𝑅3

44.8028 45.6236 45.7799 47.4446

𝑇 𝑠
𝐷𝑃3

/𝑇 𝑠
𝑆𝑖
, 𝑖 = 3,6 100.7366 100.908 100.7088 100.6244

𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 3,9 107.6097 107.8745 107.8577 108.3022

𝑇 𝑠
𝑎𝑘6

108.2858 108.6259 108.5333 108.9590

𝑥∗ ∼𝐸𝑥𝑝(1.0)
𝑦∗ ∼𝐸𝑥𝑝(0.5)
Strategy I

𝑇 𝑠
𝑅1

49.3701 45.5457 47.9883 52.5620

𝑇 𝑠
𝐷𝑃1

/𝑇 𝑠
𝑆𝑖
, 𝑖 = 1,4 100.3880 100.4866 100.4600 100.5303

𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 1,7 100.7141 100.7651 100.7663 100.8899

𝑇 𝑠
𝑎𝑘4

100.7351 100.7868 100.7884 100.9153

Strategy II

𝑇 𝑠
𝑅2

31.5957 28.3765 30.4126 34.4198

𝑇 𝑠
𝐷𝑃2

/𝑇 𝑠
𝑆𝑖
, 𝑖 = 1,4 100.8228 101.0329 100.9761 101.1263

𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 2,8 101.1488 101.3113 101.2824 101.4858

𝑇 𝑠
𝑎𝑘5

101.1941 101.3585 101.3302 101.5409

Strategy III

𝑇 𝑠
𝑅3

46.7407 42.9472 45.3665 49.9303

𝑇 𝑠
𝐷𝑃3

/𝑇 𝑠
𝑆𝑖
, 𝑖 = 3,6 100.4313 100.5410 100.5114 100.5896

𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 3,9 100.7574 100.8194 100.8177 100.9492

𝑇 𝑠
𝑎𝑘6

100.7808 100.8436 100.8423 100.9775

𝑥∗ ∼ 𝜒2(7)
𝑦∗ ∼ 𝜒2(11)
Strategy I

𝑇 𝑠
𝑅1

34.4668 33.5150 34.8819 36.1917

𝑇 𝑠
𝐷𝑃1

/𝑇 𝑠
𝑆𝑖
, 𝑖 = 1,4 100.1268 100.3388 100.3466 100.876

𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 1,7 100.8635 101.0234 101.0715 101.6031

𝑇 𝑠
𝑎𝑘4

100.9001 101.0808 101.1312 101.6970

Strategy II

𝑇 𝑠
𝑅2

19.9444 19.2757 20.2386 21.1774

𝑇 𝑠
𝐷𝑃2

/𝑇 𝑠
𝑆𝑖
, 𝑖 = 1,4 100.2680 100.7179 100.7345 101.8676

𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 2,8 101.0047 101.4025 101.4595 102.5947

𝑇 𝑠
𝑎𝑘5

101.0832 101.5270 101.5887 102.8017

Strategy III

𝑇 𝑠
𝑅3

32.1275 31.2095 32.5284 33.7957

𝑇 𝑠
𝐷𝑃3

/𝑇 𝑠
𝑆𝑖
, 𝑖 = 3,6 100.1409 100.3765 100.3852 100.9743

𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 3,9 100.8776 101.0612 101.1102 101.7014

𝑇 𝑠
𝑎𝑘6

100.9184 101.1252 101.1767 101.8062

𝑥𝑖 = 4.2 + 𝑥∗
𝑖

where 𝑥∗
𝑖

and 𝑦∗
𝑖

are independent proportional distribution variables. 
Following the division of each population into three equal strata, a ran-

dom sample of size 10 units is taken from each stratum. The suggested 
combined and separate estimators’ percent relative efficiency (𝑃𝑅𝐸) 
regarding the traditional mean estimator is derived after 15000 itera-

tions as

𝑃𝑅𝐸 =
1

15,000
∑15,000

𝑖=1 (𝑇𝑚 − 𝑌 )2

1
15,000

∑15,000
𝑖=1 (𝑇 − 𝑌 )2

× 100

where 𝑇 denotes the conventional and suggested sequent combined and 
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separate estimators.
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The findings of the simulation are unfolded herein from Table 1 to Ta-

ble 2 in terms of 𝑃𝑅𝐸 for reasonably chosen amounts of the correlation 
coefficients 0.6, 0.7, 0.8, 0.9 and non responding unit 𝑟 = 5.

From Table 1 and Table 2 based on the results of each population, we 
observe that the suggested CSIMs 𝑦𝑐

.𝑖𝑎𝑘𝑗
and 𝑦𝑠

.𝑖𝑎𝑘𝑗
, 𝑗 = 1, 2, ..., 9 are the 

most efficient than the other existing IMs for different values of cor-

relation coefficient 𝜌𝑥𝑦ℎ under each strategy. It is also seen that the 
suggested CSIMs 𝑦𝑐

.𝑖𝑎𝑘𝑗
and 𝑦𝑠

.𝑖𝑎𝑘𝑗
, 𝑗 = 4, 5, 6 are superior among the sug-

gested CSIMs, respectively.

5.1. Results and discussion

From the theoretical and simulation results, we have drawn the fol-

lowing observations:

(i). The suggested CSIMs 𝑦𝑐
.𝑖𝑎𝑘𝑗

and 𝑦𝑠
.𝑖𝑎𝑘𝑗

, 𝑗 = 1, 2, ..., 9 dominate com-

bined and separate mean IM 𝑦𝑐
.𝑖𝑚

and 𝑦𝑠
.𝑖𝑚

, classical ratio IM 𝑦𝑐
.𝑖𝑅𝑗

and 𝑦𝑠
.𝑖𝑅𝑗

, 𝑗 = 1, 2, 3, ratio kind of IMs 𝑦𝑐
.𝑖𝑆𝑗

and 𝑦𝑠
.𝑖𝑆𝑗

, 𝑗 = 1, 2, ..., 6
and regression IMs 𝑦𝑐

.𝑖𝐷𝑃𝑗

and 𝑦𝑠
.𝑖𝐷𝑃𝑗

, 𝑗 = 1, 2, 3 for different values 
of correlation coefficient 𝜌𝑥𝑦ℎ under strategies I to III.

(ii). The most effective methods in the recommended class of CSIMs 
are 𝑦𝑐

.𝑖𝑎𝑘𝑗
and 𝑦𝑠

.𝑖𝑎𝑘𝑗
, 𝑗 = 4, 5, 6 under strategies I to III, respectively.

(iii). The suggested combined IMs 𝑦𝑐
.𝑖𝑎𝑘𝑗

, 𝑗 = 1, 2, ..., 9 outperform the 
suggested separate IMs 𝑦𝑠

.𝑖𝑎𝑘𝑗
, 𝑗 = 1, 2, ..., 9 under each strategy in 

each population.

(iv). The suggested CSIMs 𝑦𝑐
.𝑖𝑎𝑘𝑗

and 𝑦𝑠
.𝑖𝑎𝑘𝑗

, 𝑗 = 1, 2, ..., 9 perform better 
under strategy II as compare to strategies I and III.

(v). The 𝑃𝑅𝐸 of the suggested CSIMs 𝑦𝑐
.𝑖𝑎𝑘𝑗

and 𝑦𝑠
.𝑖𝑎𝑘𝑗

, 𝑗 = 1, 2, ..., 9
increases with the successive incremental change in the value of 
correlation coefficient from 0.6 to 0.9.

6. Illustration

The illustration of the suggested and traditional IMs is demonstrated 
utilizing real data from [34], page 228. The production of 𝑁 = 80 facto-

ries is taken as the main variable 𝑦 and the fixed capital of the factories 
is taken as the auxiliary variable 𝑥. These variables are noted from four 
areas (strata) of the 80 factories. Neyman allocation is implemented to 
select a total sample of size 𝑛 = 45 from ℎ = 4 strata. The descriptives 
are given in Table 3.

Based on the descriptives given in Table 3, we have computed the PRE 
of combined and separate estimators 𝑇 with respect to the usual mean 
estimator 𝑇𝑚 utilizing the following formula:

𝑃𝑅𝐸 =
𝑀𝑆𝐸(𝑇𝑚)
𝑀𝑆𝐸(𝑇 )

× 100

Table 4 displays the outcomes produced utilizing real data, demonstrat-

ing the supremacy of the suggested estimators over the conventional 
estimators. Moreover, the combined class of estimators perform better 
than the separate class of estimators in each strategy.

7. Conclusion

This study considers some novel classes of CSIMs in the case of 
missing data in SSRS. The characteristics of the sequent combined and 
separate estimators obtained from the respective IMs are reported. The 
members of the suggested combined and separate classes of IMs are 
identified as the combined and separate conventional mean IM, ratio 
IM, ratio type IM defined on the lines of [27], and regression IM de-

fined on the lines of [4]. The theoretical conditions are derived and 
sustained with the simulation study accomplished on the hypothetically 
drawn one symmetrical population such as normal and two asymmet-
rical populations such as exponential and Chi-square. The simulation 
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Table 3

Descriptive statistics of real data.

Total Symbol for 
stratum ℎ

1 2 3 4

Population size 𝑁=80 𝑁ℎ 19 32 14 15

Sample size 𝑛=45 𝑛ℎ 11 18 8 8

Responding units 𝑟=26 𝑟ℎ 6 12 4 4

Population mean 𝑋̄=1126.46 𝑋̄ℎ 349.68 706.59 1539.57 2620.53

Population mean 𝑌 =5182.64 𝑌ℎ 2967.95 4657.63 6537.21 7843.67

Correlation coefficient 𝜌𝑥𝑦=0.94 𝜌𝑥𝑦ℎ 0.93 0.92 0.98 0.96

Standard deviation 𝑆𝑥=845.61 𝑆𝑥ℎ
109.44 109.22 277.18 370.97

Standard deviation 𝑆𝑦=1835.66 𝑆𝑦ℎ
757.08 669.12 416.11 645.68
Table 4

𝑃𝑅𝐸 of suggested combined estimators w.r.t. usual mean estimator.

Combined estimators PRE Separate estimators PRE

Strategy I

𝑇 𝑐
𝑅1

113.5945 𝑇 𝑠
𝑅1

112.9952

𝑇 𝑐
𝐷𝑃1

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 1,4 142.6297 𝑇 𝑠

𝐷𝑃1
/𝑇 𝑠

𝑆𝑖
, 𝑖 = 1,4 141.1211

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 1,7 143.0664 𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 1,7 142.7539

𝑇 𝑐
𝑎𝑘4

143.2226 𝑇 𝑠
𝑎𝑘4

142.7983

Strategy II

𝑇 𝑐
𝑅2

160.2879 𝑇 𝑠
𝑅2

159.8929

𝑇 𝑐
𝐷𝑃2

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 2,5 1648.7680 𝑇 𝑠

𝐷𝑃2
/𝑇 𝑠

𝑆𝑖
, 𝑖 = 2,5 1647.9714

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 2,8 1649.2040 𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 2,8 1648.8920

𝑇 𝑐
𝑎𝑘5

1670.3520 𝑇 𝑠
𝑎𝑘5

1654.8650

Strategy III

𝑇 𝑐
𝑅3

134.4895 𝑇 𝑠
𝑅3

133.1935

𝑇 𝑐
𝐷𝑃3

/𝑇 𝑐
𝑆𝑖
, 𝑖 = 3,6 278.1370 𝑇 𝑠

𝐷𝑃3
/𝑇 𝑠

𝑆𝑖
, 𝑖 = 3,6 277.7919

𝑇 𝑐
𝑎𝑘𝑗

, 𝑗 = 3,9 278.5738 𝑇 𝑠
𝑎𝑘𝑗

, 𝑗 = 3,9 278.2613

𝑇 𝑐
𝑎𝑘6

279.3849 𝑇 𝑠
𝑎𝑘6

278.4918

results exhibit the dominance of the suggested CSIMs over the exist-

ing CSIMs. The numerical findings based on real data also exhibit the 
superiority of the proposed IMs over their traditional counterparts. Fur-

thermore, the combined IMs perform superior than the separate IMs. As 
a result, it is necessary to favor the suggested combined and separate 
classes of IMs for estimating the population mean in case of missing 
data.

The suggested CSIMs will be evaluated under SRSS in upcoming studies.
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Appendix A

The MSE of the subsequent estimators used in currently available 
combined imputation approaches is displayed below.
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𝑉 (𝑇𝑚) = 𝑌 2𝐼∗0 (A.1)
𝑀𝑆𝐸(𝑇 𝑐
𝑅1
) = 𝑌 2 [𝐼∗0 + 𝐼1 − 2𝐼01

]
(A.2)

𝑀𝑆𝐸(𝑇 𝑐
𝑅2
) = 𝑌 2 [𝐼∗0 + 𝐼∗1 − 2𝐼∗01

]
(A.3)

𝑀𝑆𝐸(𝑇 𝑐
𝑅3
) = 𝑌 2 [𝐼∗0 + 𝐼∗1 − 𝐼1 − 2(𝐼∗01 − 𝐼01)

]
(A.4)

𝑀𝑆𝐸(𝑇 𝑐
𝐷𝑃1

) = 𝑌 2𝐼∗0 + 𝑏21𝑋̄
2𝐼1 − 2𝑏1𝑋̄𝑌 𝐼01

𝑀𝑆𝐸(𝑇 𝑐
𝐷𝑃2

) = 𝑌 2𝐼∗0 + 𝑏22𝑋̄
2𝐼∗1 − 2𝑏2𝑋̄𝑌 𝐼∗01

𝑀𝑆𝐸(𝑇 𝑐
𝐷𝑃3

) = 𝑌 2𝐼∗0 + 𝑏23𝑋̄
2(𝐼∗1 − 𝐼1) − 2𝑏3𝑋̄𝑌 (𝐼∗01 − 𝐼01)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑐
𝐷𝑃1

) = 𝑌 2

[
𝐼∗0 −

𝐼201
𝐼1

]
(A.5)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑐
𝐷𝑃2

) = 𝑌 2
⎡⎢⎢⎣𝐼∗0 −

𝐼∗
2

01
𝐼∗1

⎤⎥⎥⎦ (A.6)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑐
𝐷𝑃3

) = 𝑌 2

[
𝐼∗0 −

(
𝐼∗01−𝐼01

)2(
𝐼∗1 − 𝐼1

)
]

(A.7)

𝑀𝑆𝐸(𝑇 𝑐
𝑠𝑖
) = 𝑌 2 [𝐼∗0 + 𝛽2

𝑖
𝐼1 − 2𝛽𝑖𝐼01

]
, 𝑖 = 1,4

𝑀𝑆𝐸(𝑇 𝑐
𝑆𝑖
) = 𝑌 2 [𝐼∗0 + 𝛽2

𝑖
𝐼∗1 − 2𝛽𝑖𝐼∗01

]
, 𝑖 = 2,5

𝑀𝑆𝐸(𝑇 𝑐
𝑆𝑖
) = 𝑌 2

[
𝐼∗0 + 𝛽2

𝑖

{
𝐼∗1 − 𝐼1

}
−2𝛽𝑖

{
𝐼∗01 − 𝐼01

} ]
, 𝑖 = 3,6

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑐
𝑆𝑖
) = 𝑌 2

[
𝐼∗0 −

𝐼201
𝐼1

]
; 𝑖 = 1,4 (A.8)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑐
𝑆𝑖
) = 𝑌 2

⎡⎢⎢⎣𝐼∗0 −
𝐼∗

2
01
𝐼∗1

⎤⎥⎥⎦ ; 𝑖 = 2,5 (A.9)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑐
𝑆𝑖
) = 𝑌 2

[
𝐼∗0 −

(
𝐼∗01−𝐼01

)2(
𝐼∗1 − 𝐼1

)
]
; 𝑖 = 3,6 (A.10)

The scalars’ optimum values for the combined estimators are shown be-

low.

𝑏1 = 𝑅
𝐼01
𝐼1

, 𝑏2 = 𝑅
𝐼∗01
𝐼∗1

, 𝑏3 = 𝑅
(𝐼∗01−𝐼01)
(𝐼∗1 −𝐼1)

, 𝛽1(𝑜𝑝𝑡) = 𝛽4(𝑜𝑝𝑡) =
𝐼01
𝐼1

, 𝛽2(𝑜𝑝𝑡) =

𝛽5(𝑜𝑝𝑡) =
𝐼∗01
𝐼∗1

, and 𝛽3(𝑜𝑝𝑡) = 𝛽6(𝑜𝑝𝑡) =

(
𝐼∗01−𝐼01

)
(𝐼∗1 −𝐼1)

.

Appendix B

The MSE of the subsequent estimators used in currently available 
separate imputation approaches is displayed below.

𝑀𝑆𝐸(𝑇 𝑠
𝑅1
) =

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

(
𝐽1 + 𝐽 ∗

0 − 2𝐽01
)

(B.11)

𝑀𝑆𝐸(𝑇 𝑠
𝑅2
) =

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

(
𝐽 ∗
1 + 𝐽 ∗

0 − 2𝐽 ∗
01
)

(B.12)

𝑠

𝐿∑
2 ̄ 2

[ ∗ ∗ ∗ ]

𝑀𝑆𝐸(𝑇

𝑅3
) =

ℎ=1
𝑊

ℎ
𝑌
ℎ

𝐽0 + (𝐽1 − 𝐽1) − 2(𝐽01 − 𝐽01) (B.13)
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𝑀𝑆𝐸(𝑇 𝑠
𝐷𝑃1

) =
𝐿∑

ℎ=1
𝑊 2

ℎ
[𝑌 2

ℎ
𝐽 ∗
0 + 𝑏21ℎ

𝑋̄2
ℎ
𝐽1 − 2𝑏1ℎ 𝑋̄ℎ𝑌ℎ𝐽01]

𝑀𝑆𝐸(𝑇 𝑠
𝐷𝑃2

) =
𝐿∑

ℎ=1
𝑊 2

ℎ
[𝑌 2

ℎ
𝐽 ∗
0 + 𝑏22ℎ

𝑋̄2𝐽 ∗
1 − 2𝑏2ℎ 𝑋̄ℎ𝑌ℎ𝐽

∗
01]

𝑀𝑆𝐸(𝑇 𝑠
𝐷𝑃3

) =
𝐿∑

ℎ=1
𝑊 2

ℎ
[𝑌 2

ℎ
𝐽 ∗
0 + 𝑏23ℎ

𝑋̄2
ℎ
(𝐽 ∗

1 − 𝐽1) − 2𝑏3ℎ 𝑋̄ℎ𝑌ℎ(𝐽 ∗
01 − 𝐽01)]

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑠
𝐷𝑃1

) =
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 −

𝐽 2
01
𝐽1

]
(B.14)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑠
𝐷𝑃2

) =
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

⎡⎢⎢⎣𝐽 ∗
0 −

𝐽 ∗2
01
𝐽 ∗
1

⎤⎥⎥⎦ (B.15)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑠
𝐷𝑃3

) =
𝐿∑

ℎ=1
𝑊 2

ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 −

(
𝐽∗
01−𝐽01

)2(
𝐽 ∗
1 − 𝐽1

)
]

(B.16)

𝑀𝑆𝐸(𝑇 𝑠
𝑆𝑖
) =

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 + 𝛽2

𝑖ℎ
𝐽1 − 2𝛽𝑖ℎ𝐽01

]
, 𝑖 = 1,4

𝑀𝑆𝐸(𝑇 𝑠
𝑆𝑖
) =

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 + 𝛽2

𝑖ℎ
𝐽 ∗
1 − 2𝛽𝑖ℎ𝐽

∗
01

]
, 𝑖 = 2,5

𝑀𝑆𝐸(𝑇 𝑠
𝑆𝑖
) =

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 + 𝛽2

𝑖ℎ

(
𝐽 ∗
1 − 𝐽1

)
− 2𝛽𝑖ℎ

(
𝐽 ∗
01 − 𝐽01

) ]
,

𝑖 = 3,6

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑠
𝑆𝑖
) =

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 −

𝐽 2
01
𝐽1

]
; 𝑖 = 1,4 (B.17)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑠
𝑆𝑖
) =

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

⎡⎢⎢⎣𝐽 ∗
0 −

𝐽 ∗2
01
𝐽 ∗
1

⎤⎥⎥⎦ ; 𝑖 = 2,5 (B.18)

𝑚𝑖𝑛𝑀𝑆𝐸(𝑇 𝑠
𝑆𝑖
) =

𝐿∑
ℎ=1

𝑊 2
ℎ
𝑌 2
ℎ

[
𝐽 ∗
0 −

(
𝐽∗
01−𝐽01

)2(
𝐽 ∗
1 − 𝐽1

)
]
; 𝑖 = 3,6 (B.19)

The scalars’ optimum values for the combined estimators are shown be-

low.

𝑏1ℎ = 𝑅ℎ
𝐽01
𝐽1

, 𝑏2ℎ = 𝑅ℎ

𝐽∗
01
𝐽∗
1

, 𝑏3ℎ = 𝑅ℎ

(𝐽∗
01−𝐽01)

(𝐽∗
1 −𝐽1)

, 𝛽1ℎ(𝑜𝑝𝑡) = 𝛽4ℎ(𝑜𝑝𝑡) =
𝐽01
𝐽1

, 

𝛽2ℎ(𝑜𝑝𝑡) = 𝛽5ℎ(𝑜𝑝𝑡) =
𝐽∗
01
𝐽∗
1

, 𝛽3ℎ(𝑜𝑝𝑡) = 𝛽6ℎ(𝑜𝑝𝑡) =

(
𝐽∗
01−𝐽01

)
𝐽∗
1 −𝐽1

.

Appendix C

This section contains the proof of MSE and minimum MSE expres-

sions discussed in Section 3.1.1 and Section 3.2.1.

Consider the following estimator as part of Strategy 𝐼 :

𝑇 𝑐
𝑎𝑘1

= 𝛼1𝑦̄𝑟𝑠𝑡 + 𝜃1(𝑥̄𝑛𝑠𝑡 − 𝑋̄)

Employing the notations discussed in subsection 2.1, we get

𝑇 𝑐
𝑎𝑘1

− 𝑌 = 𝛼1𝑌 𝜀0 + 𝜃1𝑋̄𝜀1 + (𝛼1 − 1)𝑌 (C.20)

By squaring both sides of (C.20) and taking the expectation, we get

𝑀𝑆𝐸(𝑇 𝑐
𝑎𝑘1

) = (𝛼1 − 1)2𝑌 2 + 𝛼21𝑌
2𝐼∗0 + 𝜃21𝐼1 + 2𝛼1𝜃1𝑋̄𝑌 𝐼01 (C.21)

By minimizing (C.21) w.r.t 𝛼1 and 𝜃1, we get the optimum values of 𝛼1
and 𝜃1 as

𝛼1(𝑜𝑝𝑡) =
1(

1 + 𝐼∗0 −
𝐼212
𝐼1

) = 𝛼7(𝑜𝑝𝑡)

𝑌 𝐼01

Pu

𝑀

In

to

co

𝛼2

𝜃2

𝛼3

𝜃3

𝛼𝑗

𝜃𝑗

𝜃𝑗

𝜃𝑗

wh

𝐼∗0
2𝐼

𝐵6

𝐴9

Sim

sio

Re

[1

[2

[3

[4

[5

[6

[7

[8

[9

[10

[11

[12
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𝜃1(𝑜𝑝𝑡) = −
𝑋̄ 𝐼1

𝛼1(𝑜𝑝𝑡)
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tting 𝛼1(𝑜𝑝𝑡) and 𝜃1(𝑜𝑝𝑡) in (C.21), we get the minimum MSE as

𝑆𝐸𝑚𝑖𝑛(𝑇 𝑐
𝑎𝑘1

) = 𝑌 2(1 − 𝛼1(𝑜𝑝𝑡))

 a similar manner, the minimum MSE of additional suggested estima-

rs can be determined. The scalars’ optimum values for the suggested 
mbined estimators are shown below.

(𝑜𝑝𝑡) =
1(

1 + 𝐼∗0 −
𝐼∗

2
01
𝐼∗1

) = 𝛼8(𝑜𝑝𝑡)

(𝑜𝑝𝑡) = − 𝑌

𝑋̄

𝐼∗01
𝐼∗1

𝛼2(𝑜𝑝𝑡)

(𝑜𝑝𝑡) =
1(

1 + 𝐼∗0 −

(
𝐼∗01−𝐼01

)2
(𝐼∗1 −𝐼1)

)
(𝑜𝑝𝑡) = − 𝑌

𝑋̄

(
𝐼∗01 − 𝐼01

𝐼∗1 − 𝐼1

)
𝛼3(𝑜𝑝𝑡)

(𝑜𝑝𝑡) =
𝐴𝑗

𝐵𝑗

; 𝑗 = 4,5,6,7,8,9

(𝑜𝑝𝑡) =
𝐼01
𝐼1

; 𝑗 = 4,7

(𝑜𝑝𝑡) =
𝐼∗01
𝐼∗1

; 𝑗 = 5,8.

(𝑜𝑝𝑡) =
(𝐼∗01 − 𝐼01)
(𝐼∗1 − 𝐼1)

; 𝑗 = 6,9

ere 𝐴4 =
(
1 + 𝐼01

2 −
𝐼212
2𝐼1

)
, 𝐵4 =

(
1 +𝐼∗0 +𝐼01−

2𝐼212
𝐼1

)
, 𝐴5 =

(
1 +

𝐼∗01
2 −

2
1
∗
1

)
, 𝐵5 =

(
1 +𝐼∗0 +𝐼∗01−

2𝐼∗201
𝐼∗1

)
, 𝐴6 =

[
1 − 1

2

{
𝐼∗01−𝐼01

}2

𝐼∗1 −𝐼1
+ 1

2 (𝐼
∗
01−𝐼01)

]
, 

=
[
1 + 𝐼∗0 − 2

{
𝐼∗01−𝐼01

}2

𝐼∗1 −𝐼1
+ (𝐼∗01 − 𝐼01)

]
, 𝐴7 = 1, 𝐵7 =

(
1 + 𝐼∗0 −

𝐼212
𝐼1

)
, 

= 1 and 𝐵9 =
[
1 + 𝐼∗0 −

(𝐼∗01−𝐼01)
2

(𝐼∗1 −𝐼1)

]
.

ilarly, the outline of the proof of MSE and minimum MSE expres-

ns given in Section 3.2.1 can be obtained.
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