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62D05 small area based on a simple random sampling design. The mean square error expressions of the proposed direct
and synthetic estimators are obtained to first order approximation. The efficiency conditions are obtained under
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of the suggested direct and synthetic logarithmic estimators are examined by a comprehensive simulation
study carried out on some artificially drawn symmetric and asymmetric populations. Furthermore, a real data
application of the suggested methods is also provided as a case study using the paddy crop acreage data for small

domains, where small domains are the revenue inspector circles (RIC) in Mohanlalganj tehsil, Uttar Pradesh,

India.

1. Introduction

The role of small area estimation (SAE) is very prominent in the sam-
ple survey because of the growing demand for trustworthy small area
statistics from different sectors like business, agriculture, economics,
health, etc. The goal of sample surveys is to provide relatively accurate
direct estimators for the properties of the entire population as well as
for a number of subpopulations or domains. A small area is often a sub-
division of the population which has small information from the sample
surveys. These subsets can refer to a small geographical region, like a
municipal council, census division, block, tehsil, gram panchayat, or a
demographic group, such as a collection of individuals who share a spe-
cific age, sex, or race, inside a larger geographic area, or a combination
of the two.

Survey agencies are forced to produce small area estimates from
current sample surveys due to the increasing demand for small area
decision-making. For providing domain-specific accurate direct esti-
mates for these small areas, small sizes in small areas are frequently very
small or perhaps non-existent. Direct estimators use only the informa-
tion collected from the target small area itself. They are typically based
on sample surveys specifically designed to provide estimates for that
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area. Direct estimators are straightforward to implement and interpret.
They consider the real data from the target area, providing estimates
that are directly observed.

Direct estimators may suffer from small sample sizes, leading to im-
precise estimates, especially for areas with sparse population or rare
characteristics. If a reliable direct estimator is not available for a large
domain, covering several small domains then a synthetic estimator is
used. A synthetic estimator under the assumption of small area has the
same characteristic as the large domain [8]. Also, if the sample sizes of
the small domain are comparatively small, the synthetic estimator re-
presses the direct estimator, but if the sample size increases, the direct
estimator represses the synthetic estimator [14].

Auxiliary variables are instrumental in elevating small area esti-
mates by offering auxiliary information related to the study variable,
thereby improving precision and accuracy. By leveraging auxiliary data,
researchers can mitigate sampling variability, reduce bias, and model
intricate relationships between variables, particularly crucial when di-
rect survey data is scarce for smaller geographic regions. In real-life
problems, the abundance of auxiliary variables poses a challenge in se-
lecting the most appropriate ones. To navigate this, it is crucial to follow
a systematic approach such as define objective, assess data availability,
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consider relevance, evaluate predictive power, account for redundancy,
practicality, etc. Following these steps ensures the selection of auxil-
iary variables that enhance the accuracy of small area estimation in
real-world scenarios.

Panse et al. [13] tried to estimate the crop production at the block
level utilizing a two phase sampling technique, which was the first stage
advancement in SAE for crop-production. Due to physical limitations,
this method, however, was not successful. An effort was undertaken to
create crop-production estimates at the block level utilizing farmer es-
timates by Sud et al. [18] within the context of sample design based
on the general crop estimating survey technique. These were direct es-
timates that are based on the usual sample survey methods. Srivastava
et al. [17] proposed a synthetic method with an application to crop-
estimation at block level using wheat and paddy crops data of Haryana
state during 1987-88. Tikkiwal and Ghiya [19] proposed a generalised
class of synthetic estimators to estimate crop acreage for small areas,
where small domains were RIC in Jodhpur tehsil, Rajasthan. In India, a
National Agricultural Insurance Scheme (NAIS) was introduced in 1999-
2000 to replace the Comprehensive Crop Insurance Scheme (CCIS), and
Gram Panchayat (GP) level was chosen as the area unit in place of
blocks. As a result, insurance firms urgently need crop production at
the GP level to finalise premiums. Sharma et al. [15] proposed a differ-
ent strategy for scaling down crop yields from the block level to the GP
level by generating correction factors based on the data on crop yields
on specific fields obtained through farmer inquiries. Pandey and Tikki-
wal [12] proposed a generalized class of synthetic estimators for small
areas using systematic sampling. Khare et al. [10] proposed a modified
direct regression estimator for the domain mean using auxiliary infor-
mation when the domain mean of the auxiliary character is known and
unknown. Bhushan et al. [5] suggested improved direct estimators for
domain mean with some real data applications. The aforementioned
studies discussed the direct and synthetic estimators separately.

In this article, our endeavour is different from the aforementioned
studies. We propose some direct and synthetic logarithmic estimators
together to estimate the paddy crop acreage for small domains us-
ing SRS, where small domains are RIC in Mohanlalganj tehsil, Uttar
Pradesh, India.

Section 2 provides a brief about the set up of the problem and puts
forth the terminologies utilized. In Section 3, the review of the existing
literature and prominent works for the direct and synthetic estimators
are considered. In Section 4, we propose direct and synthetic loga-
rithmic estimators for estimating the domain mean utilizing auxiliary
character and a comparative study is performed theoretically. The per-
formance of the proposed estimators has been evaluated in Section 5
with the help of simulation study. A real data application is also pre-
sented in Section 6 using paddy crop acreage data set for small domains.
In Section 7, the conclusion of this study is presented.

2. Problem formulation and terminologies

Let us consider that a finite population X = (N, N,, ..., X ) is divided
into non overlapping ‘A’ small areas, i.e., domains X, of size N, for
which estimates are needed. The domains might be various and could
constitute small areas of a sampled population, such as a district, tehsil,
or other state-level subdivision, depending on the situation. Let y and
x be the study and auxiliary variables, respectively. A simple random
sample s = (sy, $,,...,5,) of size n is chosen without replacement such
that n,, a =1,2,..., A units in the sample s come from the small area
‘A’. As a result, Z;L] N,=N and 2;4:1 n, = n. The notations for pop-
ulation and sample means of study variable y and auxiliary variable x
are as follows:

(Y, 7): the population and sample means of the study characteristic y
rely on (N, n) observations, respectively;

(Y,, 7,): the population and sample means of characteristic y for a small
domain rely on (N,, n,) observations, respectively;

(X, x): population and sample means of the auxiliary characteristic x
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rely on (N, n) observations, respectively;

(X,, %,): the population and sample means of characteristic x for a
small domain rely on (N,, n,) observations, respectively;

(S, Sy): the population standard deviation of variables (x, y), respec-
tively.

(Sxa’ Sya): the population standard deviation of variables (x, y) in do-
main a, respectively.

(c,, Cy): the population variation coefficient of variables (x, y), respec-
tively.

(Cxa’cya): the population variation coefficient of variables (x, y) in do-
main a, respectively.

To obtain the properties of the direct estimators, we take the nota-
tions as follows:

J,=Y,(1+¢€), ¥, = X,(1 +¢,) such that E(e;) =0, E(e,) = 0, where
le;] <1;i=1,2,

E(e}) = facfa, E(e)) = facga, and E(eje;) = f,C, x , Where f, =
(Ny=n0)/Nongs 2 = (N, = D)7! T Xy — X, §2 = (N, -
1)_1 Z,-]ia](Yai - Ya)z’ Cxa = Sxa/Xa’ Cya = Sya/Ya’ Sxaya = (N, -
D! Zi“l Xg = X)(Yy = Yp), and C, , =p, , C, C, , respectively,
such that X, and Y,;,, a=1,2,..,A and i = 1,2,..., N, denote the ith
observation of small domain a of the population for the characteristic x
and y, respectively.

Similarly, to obtain the properties of the synthetic estimators, we
assume that j =Y (1 +e3), X = X +¢,), such that E(e3) =0, E(e4) =0,
where |¢;| < 15i=3,4, E(e3) =fc§, E(e]) = fC}, and E(e;ey) = fC,,
where f =(N —n)/Nn, $2=(N - D' TN (X, - X2, §2=(N -
DI RN Y - Y2, € =5,/X,C,=5,/Y, S, =(N- DT (¥, -
Y)(X; - X),and C), =p,,C,C, =S, /Y X.

3. Existing estimators for domain mean

The direct and synthetic usual mean estimators are given, respec-
tively, by
d _ =
tm,a =Ya
s =
zm,a =y
where the superscripts “d” and “s” in the estimators stand for “direct”
and “synthetic” throughout the article.
The MSE of the direct and synthetic usual mean estimator are given,
respectively, by
d \_ £ y22
MSE®, )=f.Y, G,
5N (V¥ )2 722
MSE(, )= (¥ =Y,)* + fY?C}

The direct and synthetic ratio estimators are given, respectively, by

(X,
’i,a=y<7>

The MSE of the direct and synthetic estimators are given, respectively,
by

MSE@ )= 72 fa(cfa + Ciu -2C, )

? 2
MSEG,) = <§Xa - Ya>

B

(T, i
+ =X, f { =% (3c2+ 240, -27,(C2 - cyx)}

S

Under the synthetic assumption ¥ /¥, = X /X, the MSE of the synthetic
estimator #;  are reduced to
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MSE® ) =Y. f(C}+C;-2C,)

The direct and synthetic generalized estimators suggested by Tikki-
wal and Ghiya [19] are given by

x \™
ffg,a=f<)7>
a

The minimum MSE of the direct estimator at the optimum value of
opry = =Cy x,/ Cf and the minimum MSE of the synthetic estimator
under the synthetic assumption (¥,/Y) = (X/X,)%, and at the opti-

mum value of a,,,, = —ny/Cz as

C2
minM SEG )= Y21, <Ci - >
Xa

C2
minMSE(;, ) =Y} f <c§ Cyzx >

Following Bahl and Tuteja [1], the ratio exponential type direct and
synthetic estimators are given, respectively, by

t =yaexp<)f“_)_ca>
“ X, +x,
_ X, —-x

The MSE of the above estimators are given, respectively, by

2
Cxa
4 YaXa

MSE@), )=Y}f, <c§ +

MSE(I )= { (Kla_?_Ya)2_+Y_2f(K12aC3+K220C§ _2KlaK2any) }
bta +2(YK,, - Y)Y (K;3,C? - K,,C,,)

where Ky, = 1+ A, + A7/2+ A} /6, Ky, = (24, + 247+ AXX,) /

(X2 - X2)

K3a ]2 {(X —X)A, +(2X, - XA + A3 X2X, /(X2 - X2,

= (X =Xo) /(X +X,).
4. Proposed direct and synthetic estimators

The objectives of this article are:

(i). to obtain efficient estimates of the domain mean )_’a via both direct
and synthetic estimation approach,

(ii). to effectively utilize the information on the auxiliary variable to
obtain efficient estimates.

Under the abovementioned objectives, we propose the following direct
and synthetic logarithmic estimators for Y, in SRS as

d s Xq
t =0y {1+ﬁ110g<_—>}
bk,a a Xa
1 :az)'/{l+ﬂ210g(_i)}
bk,a Xa

where «;, j = 1,2 and f; are suitably chosen constants. The mathemat-
ical expressions of the MSE and the minimum MSE for the proposed
direct and synthetic estimators are given in the following theorems.

Theorem 4.1. The MSE and minimum MSE of the suggested direct estima-
tor le Lupto 15" order approximation are, respectively, given below.

MSE®;, )
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V{14 £,C2 + BB = DF.C2 +4P1 fupy 0, G, Co, |

= YZ
“2q (1 + 81 fuyy, Cy, Cr, = B 1,C2

a

(€8]

1

M2
minMSE(tf, )=Y? (1 - L—1> @

Proof. To determine the MSE and minimum MSE of the suggested

direct estimator tgk , the notations defined in Section 2 are used to

express the estimator tbk a as

4 —g 531 1 Ya
tbk’a—alya + f, log XT,,

X,(1+e)
=a,Y,(1+¢) [1+ﬂllog{X7}]

=a1)_’a(1 +€1){1 + b log(l +€2)}

Using Taylor series expansion, multiplying and neglecting the error
terms having power more than two, we get

2
_ €
tzk’aza]Ya(l +el){l+ﬁ] (ez— ?2 +>}

After simplifying and subtracting Y, on both sides of the above equa-
tion, we get

5 o b
tzk,a—YaNYa{al<1+€1+ﬁ1€2—?€§+ﬂ1€1€2 -1 3)

Squaring and taking expectation on both sides of (3), we get

MSEW, )
ool 1Hed {1 +£,C2 4 BBy~ DS, +4p, fapyaxacyacxa}
| Zog, (1 + 81 fuy . Cy, C = ”—;facfa)
AV (1+alL —2a;M,) )

where L; =1+ facfu +58 =) facfa +4B, fapy,x,Cy,Cx, and My =
Lt By fubyy, Gy, Cay = B £2C2.

Differentiating (4) partially w.r.t. parameter ; and equating to zero,
we get

M,
al(opt) = L_l

The minimum MSE of the suggested direct estimator tzk
by using the value of ), in (4) as

_ M}
minM SE(t}, ) ~Y; l-—
1

It is important to note that the simultaneous minimization of a; and g,
is not possible. The optimum value of f; can be obtained by putting
a; =1 in the estimator z and minimizing the MSE expression of the
estimator regarding f;. The optimum value of §;(,, is tabulated below.

Cya
Briopty = ~Py,x, C_xa O

Theorem 4.2. The MSE and minimum MSE of the suggested synthetic esti-
mators f;, up to 1%" order approximation are, respectively, given below.

B is determined
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1+a§{1+f02+/32( ) rc?
Y
Y,

MSE(@;, )=Y; —/32( )fo+4ﬁ2fpyx y x}
—2a2{1—ﬂ2(%)f(%’%—pynyCx>}

M2
minM SE(t;, )=Y? <1 - L—2> ()
2

Proof. To determine the MSE and minimum MSE of the suggested syn-

thetic estimator tik , the notations defined in Section 2 are used to

express the estimator 7}, _ as

B, =ary3 1+ p,lo _i
SIANES)

a7l +e3){1+ﬂ210g<w>}

a

=a,Y(1 +e3){1+ﬁ210g<X_£

a

> + f, log(1 +e4)}

Using Taylor series expansion, multiplying and neglecting the error
terms having power more than two, we get

_ €2
o™ @Y1 +63) { 1+ p5B,+ P <€4 - 34

where B, =log(X /X,). Subtracting Y, on both sides to the above equa-
tion, we get

_ _ py _
t;k YR Y <1 +pB,+ €3+ prey + frByes — ?ei +phezey | -7,
(6)

Squaring and taking expectation on both side to (6) and using the syn-
thetic assumption ¥, = ¥ (1 + 8, B,), we get

1+ 1+fc2+ﬁ2( )fc2

MSE(;, )~} —ﬁ2< )f02 +46,1p,xC, }

_2a2{ —ﬁ2<Y—a)f<C2 p,xC,C )}

AV (1+ a5 Ly — 20, M,) @

a

|"<'r—/‘\

where

e 2
L2=1+ny2+ﬁ§<Y—> fcﬁ—ﬂ2<

AWES:
M2:1_ﬂ2<Y_>f 2 pyxCC

By differentiating (7) partially w.r.t. §, and equating to zero, we get

M2
X 0pt) = L_2

) fC2+4p,fp,.C,C,

"<'|’~<|

The minimum MSE is determined by using the value of a,, in (7) as

M22
N _2 —_——
mtnMSE(tbka) Y; <l 3 >

It is important to note that the simultaneous minimization of a, and f,
is not possible. The optimum value of §, can be obtained by putting
@, =1 in the estimator #;,  and minimizing the MSE expression of the
estimator regarding #,. The optimum value of Ba(opr) 1s tabulated below.

p L5 4
2(opt) = -p yx Y C
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Corollary 4.1. The suggested synthetic estimator t; . dominates the sug-

gested direct estimator ’Z o I

M:  M?
2 1

251 (8

L, L

and contrarily. Otherwise, both are equally efficient if the equality holds in

(8.

Proof. To obtain (8), we compare the minimum MSE of the suggested
direct and synthetic estimators given in (2) and (5), respectively. []

Additionally, we will compare the minimum MSEs of the suggested
and currently available direct and synthetic estimators under the fol-
lowing lemmas:

Lemma 4.1. The proposed direct estimator tz « o dominates the direct mean
per unit estimator t o if

2

M
MSE(@t], )< MSE(S ) = L—l >1-f,C}
1 a

Lemma 4.2. The proposed synthetic estimator t;,
mean per unit estimator t, ., if

, dominates the synthetic

M3 72 7\
MSE(, )< MSE(®, ) = —>1-{1- 7 +f <—> c;
2

Lemma 4.3. The proposed direct estimator tzk , dominates the direct ratio

. d .
estimator 7, , if

2

M
MSE@, )<MSE@! ) = L—l >1=f,(C} +C} =2C, )
B 1 a a a*a

bk,a

Lemma 4.4. The proposed synthetic estimator t;, .
ratio estimator t;, , if

dominates the synthetic

2

MSE(t, )< MSE(t ) = L—zz >1-f(C}+C}-2C,,)

bk,a

Lemma 4.5. The proposed direct estimator t‘;k
and Ghiya (2000) direct estimator t, . if

B dominates the Tikkiwal

M? c?
2 YaXa
MSE(tbka) < MSE(t,ga) = L_1 >1-f, <Cya - ?)

Lemma 4.6. The proposed synthetic estimator tz "
Ghiya [19] synthetic estimator t; ca

B dominates Tikkiwal and

2 2
MSE®, )< MSE® ):&M_f cz_ﬁ
bk,a 1g.a L2 y C)%

Lemma 4.7. The proposed direct estimator td a dominates Bahl and Tuteja

[1] type direct exponential ratio estimator tb " if

Mm? c,
1 2
MSE@;, )< MSE(@], ) = T >1-f, <Cya 3 ym)

Lemma 4.8. The proposed synthetic estimator f;, —dominates Bahl and
Tuteja [1] type synthetic exponential ratio estimator 1, , if
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2

) = —=

MSE®, )< MSEG, -
2

Y2f(K} Co+ K3 Co—
+2(YKy, ~ ¥ ) fY (1<3ac)c
a | +(K,¥Y -7, )2

ZKlaKZany)

K2a ny )

The proposed direct and synthetic estimators outperform their con-
ventional counterparts under the efficiency conditions reported under
Lemma 4.1 to Lemma 4.8.

5. Simulation study

To validate the theoretical results, following Singh and Horn [16]
and motivated by Bhushan and Kumar [3,4], we conduct a simulation
study. In the process of simulation study, we hypothetically draw some
symmetric and asymmetric populations using the following models:

Sy *
y=87+,/(1-p2 )y +pxy<S >x
X

x=4.1+x"

where x* and y* are independent variables for the corresponding dis-
tributions. Using the models mentioned above, we generated the popu-
lations shown below:

(1). A Normal population of size N = 12000 utilizing x* ~ N(19,47)
and y* ~ N(13,27) with varying correlation coefficients p,,
=0.1,0.3,0.5,0.7,0.9.

(2). An exponential population of size N = 12000 utilizing x* ~
Exp(0.05) and y* ~ Exp(0.09) with varying correlation coefficients

y =0.1,0.3,0.5,0.7,0.9.

The above populations are divided into 6 equal domains of size 2000.
A sample of size 50 is being randomly selected from every domain and
the descriptive statistics are computed. Performing 20,000 iterations,
we have computed MSE and percent relative efficiency (PRE) of the
proposed logarithmic type direct and synthetic estimators with respect
to the direct and synthetic mean estimators, respectively, by using the
following formulae:

| 2000
—Y,)?
20,000 y=21 ( o)

20,000
MSE(™) =5 G A
0.000 &

MSE(*) =

SE@? )
PRE?= —— "% %100
M SE(t*)
MSEG;, )
PRE = ———=% %100
M S E(t*)
where 1* = t‘rjn .a’ t(ria’ tfl ,a’ tgka and 1 = tfnu’ ti a’ tfg a’ t;tu’ t;ka

The simulation results of the direct estimators for normal and exponen-
tial populations are reported in Tables 1-2, respectively, whereas the
simulation results of the synthetic estimators for normal and exponen-
tial populations are reported in Tables 3-4, respectively.

5.1. Discussion of simulation results

Following a thorough examination of the outcomes of the simulation
study, we outline the discussion of the results in point-wise fashion.

(i). From the results of Table 1 based on the artificially generated nor-
mal population, the proposed logarithmic type direct estimator t‘b’ "

dominates direct mean per unit estimator #¢_, direct ratio estima-

m,a’

tor 12, direct exponential ratio estimator t‘b’m envisaged on the

bk,r’
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lines of Bahl and Tuteja [1] estimator, and direct type Tikkiwal
and Ghiya [19] estimator t;’g’a for each value of correlation coeffi-
cient in each domain by minimum MSE and maximum PRE. This
fact can easily be observed from Fig. 1.

(ii). The similar tendency as seen from the outcomes of Table 1 and
Fig. 1 may also be seen from the results of Table 2 and Fig. 2 based
on the artificially generated exponential population.

(iii). From the results of Table 3 consisting of an artificially generated
normal population, the proposed logarithmic type synthetic esti-
mator #;,  surpasses the synthetic mean per unit estimator 7, ,
synthetlc ratio estimator tbk , synthetic exponential ratio estlma—
tor tim envisaged on the lines of Bahl and Tuteja [1] estimator,
synthetic regression estimator v, <’ and Tikkiwal and Ghiya [19]
synthetic estimator tsg for each value of correlation coefficient in
each domain by minimum MSE and maximum PRE. This fact can
easily be observed from Fig. 3.

(iv). The similar tendency as observed from the outcomes of Table 3
and Fig. 3 may also be observed from the results of Table 4 and
Fig. 4 based on the artificially generated exponential population.

(v). From the results of Tables 1-2, the MSE and PRE of the proposed
direct estimator tgk , decrease and increase, respectively, as the cor-
relation coefficient increases. The similar tendency can be observed
from the results of the proposed synthetic estimator #;,  reported
in Tables 3-4.

(vi). From the results of Tables 1-4, the suggested synthetic estimator
tlsjk’a represses the suggested direct estimator tZk,a in all domains.

6. Real data application- a case study

The state of Uttar Pradesh similar to the most of the other Indian
states is divided into a several districts for revenue collection and other
administrative duties. Additionally, every district is divided into sev-
eral tehsils, and each tehsil is further subdivided into several revenue
inspector circles (RICs). Each RIC is made up of many villages. In this
study, we take RICs as small domains.

It is observed that the cultivated area under any particular crop de-

creases or increases every year. Thus, for application, we take the crop
acreage estimation issue for the RICs of Mohanlalganj tehsil of Uttar
Pradesh. Six RICs of Mohanlalganj tehsil are taken as small domains.
The paddy crop acreage (in hectares) for the agricultural season 2018-
19 is taken as study variable, whereas the paddy crop acreage for the
agricultural season 2017-18 is taken as auxiliary variable. Various in-
formation of the RICs of Mohanlalganj tehsil are reported in Table 5,
whereas the parameters of each domain are reported in Table 6 for
ready reference.
Using the domain parameters given in Table 6, we have computed the
MSE and PRE of the proposed direct and synthetic logarithmic estima-
tors with respect to the direct and synthetic mean estimators, respec-
tively, by using the following formulae:

PREY = w % 100
MSE()

PRE® = M—(f”“) % 100
MSE@{*)

The results of the numerical study for the direct and synthetic estima-
tors are shown in Tables 7-8, respectively, which show the dominance
of the proposed direct and synthetic estimators over their conventional
counterparts. Further, the suggested direct estimator represses the sug-
gested synthetic estimator in RICs, Mohanlalganj, Khujauli, and Amethi,
whereas the suggested synthetic estimator represses the suggested di-
rect estimator in RICs Nagram, Gosaiganj, and Behrauli.

7. Conclusion

In this paper, we have proposed direct and synthetic logarithmic
estimators for the domain mean under SRS. The MSE of the proposed
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Table 1
Results of direct estimators for normal population.
Estimators Py 10, 1, "o e o
Domains
MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE
1 0.1 43.12 100.00 56.16 76.78 44.71 96.43 41.59 103.66 38.06 113.29

0.3 43.12 100.00 43.14 99.95 39.08 110.33 38.01 113.45 35.20 122.50
0.5 43.12 100.00 32.64 132.10 34.33 125.61 31.19 138.26 29.75 144.94
0.7 43.12 100.00 23.23 185.61 29.84 144.50 21.16 203.78 20.94 205.94
0.9 43.12 100.00 13.31 323.83 24.69 174.63 7.91 545.32  6.94 620.86

2 0.1 43.13 100.00 56.46 76.41 44.81 96.27 41.63 103.61 38.13 113.14
0.3 43.13 100.00 43.32 99.56 39.14 110.21 38.06 113.32 35.28 122.27
0.5 43.13 100.00 32.75 131.72 34.36 125.54 31.26 138.00 29.83 144.58
0.7 43.13 100.00 23.28 185.30 29.85 144.50 21.23 203.22 20.92 206.15
0.9 43.13 100.00 13.31 324.02 24.69 174.73 7.94 543.30 7.15 603.07

3 0.1 43.12 100.00 56.25 76.66 44.73 96.41 41.62 103.62 38.13 113.09
0.3 43.12 100.00 43.19 99.84 39.08 110.34 38.04 113.36 35.27 122.26
0.5 43.12 100.00 32.66 132.03 34.32 125.66 31.23 138.10 29.81 144.65
0.7 43.12 100.00 23.23 185.66 29.82 144.61 21.20 203.39 20.97 205.62
0.9 43.12 100.00 13.29 324.57 24.66 174.84 7.93 543.72  7.09 608.18

4 0.1 43.15 100.00 56.34 76.59 44.75 96.41 41.62 103.66 38.14 113.13
0.3 43.15 100.00 43.20 99.88 39.08 110.42 38.01 113.53 35.25 122.42
0.5 43.15 100.00 32.63 132.24 34.30 125.80 31.16 138.47 29.73 145.15
0.7 43.15 100.00 23.18 186.14 29.80 144.81 21.13 204.17 20.91 206.36
0.9 43.15 100.00 13.25 325.69 24.65 175.07 7.90 546.16  6.69 645.11

5 0.1 43.14 100.00 56.34 76.57 44.77 96.36 41.63 103.63 38.12 113.16
0.3 43.14 100.00 43.24 99.78 39.11 110.32 38.03 113.44 35.25 122.38
0.5 43.14 100.00 32.68 132.01 34.33 125.65 31.20 138.28 29.78 144.85
0.7 43.14 100.00 23.23 185.71 29.83 144.61 21.17 203.76 20.95 205.88
0.9 43.14 100.00 13.29 324.62 24.68 174.83 7.92 54489 6.79 635.08

6 0.1 43.10 100.00 56.53 76.25 44.81 96.19 41.62 103.56 38.12 113.09
0.3 43.10 100.00 43.35 99.44 39.13 110.16 38.06 113.26 35.27 122.22
0.5 43.10 100.00 32.75 131.63 34.34 125.52 31.26 137.91 29.85 144.42
0.7 43.10 100.00 23.27 185.24 29.83 144.49 21.23 203.06 20.98 205.43
0.9 43.14 100.00 13.29 324.62 24.68 174.83 7.92 544.89  6.79 635.08

Table 2
Results of direct estimators for exponential population.
Bstimators 5., 14, . o
Domains
MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE
1 0.1 7.75 100.00 10.07 76.99 8.08 95.99 7.51 103.18 7.42 104.55

0.3 7.75 100.00 7.77 99.84 7.05 109.95 6.86 113.09 6.78 114.38
0.5 7.75 100.00 5.86 132.34 6.17 125.65 5.60 138.48 5.56 139.46
0.7 7.75 100.00 4.13 187.83 5.33 145.36 3.82 203.23 3.81 203.72
0.9 7.75 100.00 231 336.34 4.38 176.93 1.47 527.65 1.45  533.97

2 0.1 7.72 100.00 10.02 77.07 8.04 96.04 7.48 103.23 7.38 104.58
0.3 7.72 100.00 7.73 99.94 7.02 110.01 6.82 113.17  6.75 114.46
0.5 7.72 100.00 5.83 132.46 6.14 125.71 5.57 138.62 5.53 139.59
0.7 7.72 100.00 4.11 187.97 5.31 145.41 3.80 203.44 379  203.92
0.9 7.72 100.00 2.29 336.44 4.36 176.96 1.46 527.86 1.45 534.19

3 0.1 7.69 100.00 10.00 76.92 8.01 95.97 7.45 103.20 7.36 104.56
0.3 7.69 100.00 7.71 99.71 7.00 109.91 6.80 113.10 6.72 114.39
0.5 7.69 100.00 5.82 132.09 6.12 125.58 5.56 138.37  5.52 139.35
0.7 7.69 100.00 4.10 187.40 5.29 145.27 3.79 202.69 3.79  203.18
0.9 7.69 100.00 2.29 335.45 4.35 176.81 1.47 524.49 1.45  530.69

4 0.1 7.7 100.00 10.01 76.89 8.02 95.98 7.46 103.20 7.36 104.56
0.3 7.7 100.00 7.73 99.64 7.01 109.90 6.81 113.05 6.73 114.34
0.5 7.7 100.00 5.83 131.98 6.13 125.57 5.57 138.22 5.53 139.20
0.7 7.7 100.00 4.11 187.22 5.30 145.24 3.81 202.32 3.80 202.81
0.9 7.7 100.00 2.30 335.14 4.36 176.79 1.47 522.84 1.46 528.98

5 0.1 7.75 100.00 10.07 76.97 8.08 95.97 7.51 103.25 7.41 104.61
0.3 7.75 100.00 7.76 99.85 7.05 109.95 6.85 113.18 6.77 114.47
0.5 7.75 100.00 5.86 132.37 6.17 125.66 5.59 138.61 5.55 139.58
0.7 7.75 100.00 4.13 187.91 5.33 145.38 3.81 203.45 3.80 203.94
0.9 7.75 100.00 2.30 336.54 4.38 176.97 1.47 528.16 1.45 534.54

6 0.1 7.74 100.00 10.05 77.03 8.06 96.01 7.50 103.23 7.40 104.59
0.3 7.74 100.00 7.75 99.90 7.04 109.98 6.84 113.16  6.76 114.45
0.5 7.74 100.00 5.85 132.41 6.16 125.68 5.59 138.61 5.55 139.58
0.7 7.74 100.00 4.12 187.92 5.33 145.39 3.80 203.49 3.80  203.97
0.9 7.74 100.00 2.30 336.45 4.38 176.95 1.47 528.42 1.45 534.80
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Table 3
Results of synthetic estimators for normal population.

i S S s s
Estimators Py [ t t t

s
tm.n

bra 1g.a bka
Domains
MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE
1 0.1 39.89 100.00 3.97 1005.53 47.42 84.11 3.07 1300.01 3.05 1306.89

0.3 39.89 100.00 3.09 1291.80 50.89  78.37 2.82 1414.3 2.81 1420.84
0.5 39.89 100.00 2.35 1700.33 54.29  73.48 2.32 1716.02 2.32 1720.77
0.7 39.89 100.00 1.66 2402.74 58.00 68.78 1.58 2523.55 1.58 2524.66
0.9 39.89 100.00 0.93 4302.86  63.20  63.11 0.59 6773.75  0.59  6798.54

2 0.1 39.58 100.00 3.99 993.11 46.98 84.24 3.08 1284.44 3.07 1291.24
0.3 39.58 100.00 3.10 1276.03 50.45 78.45 2.83 1397.36 2.82 1403.82
0.5 39.58 100.00 2.36 1679.88 53.84 73.52 2.33 1695.46 2.33 1700.16
0.7 39.58 100.00 1.67 2374.31 57.53 68.80 1.59 2493.33 1.59 2494.43
0.9 39.58 100.00 0.93 4252.64 62.67 63.15 0.59 6692.62 0.59 6717.09

3 0.1 39.31 100.00 3.99 986.06 46.64 84.29 3.08 1275.11 3.07 1281.86
0.3 39.31 100.00 3.10 1266.85 50.04 78.55 2.83 1387.21 2.82 1393.62
0.5 39.31 100.00 2.36 1667.65 53.38 73.64 2.34 1683.15 2.33 1687.81
0.7 39.31 100.00 1.67 2356.95 57.02 68.94 1.59 2475.22 1.59 2476.31
0.9 39.31 100.00 0.93 4221.98 62.13 63.27 0.59 6644.01 0.59 6668.30

4 0.1 39.66 100.00 4.00 992.62 46.98  84.43 3.09 1283.88 3.07 1290.67
0.3 39.66 100.00 3.11 1275.39 50.45 78.62 2.84 1396.74 2.83 1403.20
0.5 39.66 100.00 2.36 1679.06 53.85 73.66 2.34 1694.72 2.33 1699.41
0.7 39.66 100.00 1.67 2373.34 57.55 68.92 1.59 2492.23 1.59 2493.33
0.9 39.66 100.00 0.93 4251.71 62.72 63.24  0.59 6689.67 0.59  6714.12

5 0.1 39.58 100.00 3.98 994.61 47.14  83.97 3.08 1285.39 3.06 1292.19
0.3 39.58 100.00 3.10 1277.55 50.53 78.33 2.83 1398.39 2.82 1404.86
0.5 39.58 100.00 2.35 1681.21 53.86  73.49 2.33 1696.71 2.33 1701.41
0.7 39.58 100.00 1.67 2375.11 57.51 68.83 1.59 2495.16 1.59 2496.26
0.9 39.58 100.00 0.93 4251.97  62.63 63.20  0.59 6697.54  0.59  6722.09

6 0.1 39.74 100.00 3.99 996.71 46.84 84.85 3.08 1288.71 3.07 1295.53
0.3 39.74 100.00 3.10 1280.47 50.33 78.96 2.83 1402.00 2.82 1408.49
0.5 39.74 100.00 2.36 1685.46 53.76 73.92 2.34 1701.10 2.33 1705.81
0.7 39.74 100.00 1.67 2381.86 57.52 69.10 1.59 2501.61 1.59 2502.71
0.9 39.74 100.00 0.93 4265.81 62.78 63.30 0.59 6714.85 0.59 6739.43

Table 4
Results of synthetic estimators for exponential population.
Estimators p. xy Ifn a Ii\a t;ﬂ.a Itsg a t:)k a
Domains
MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE
1 0.1 7.82 100.00 1.67 467.02 8.99 86.95 1.27 615.60 1.27 616.97

0.3 7.82 100.00 1.29 605.91 9.63 81.23 1.17 669.72 117 671.03
0.5 7.82 100.00 0.97 805.44 10.24 76.42 0.96 812.59 0.96 813.56
0.7 7.82 100.00 0.68 1147.41 10.88 71.89 0.65 1194.99 0.65 1195.22
0.9 7.82 100.00 0.38 2052.04 11.74 66.63 0.24 3207.60 0.24 3212.39

2 0.1 7.90 100.00 1.67 473.03 9.00 87.80 1.27 623.54 1.26 624.93
0.3 7.90 100.00 1.29 613.69 9.65 81.92 1.16 678.35 1.16 679.68
0.5 7.90 100.00 0.97 815.81 10.27 76.97 0.96 823.07 0.96 824.04
0.7 7.90 100.00 0.68 1162.26 10.93 72.31 0.65 1210.40 0.65 1210.63
0.9 7.90 100.00 0.38 2078.88 11.82 66.87 0.24 3248.96 0.24 3253.80

3 0.1 7.96 100.00 1.67 477.27 9.09 87.48 1.26 629.20 1.26 630.60
0.3 7.96 100.00 1.28 619.23 9.75 81.61 1.16 684.52 1.16 685.86
0.5 7.96 100.00 0.97 823.21 10.37 76.68 0.96 830.55 0.96 831.53
0.7 7.96 100.00 0.68 1172.83 11.04 72.05 0.65 1221.39 0.65 1221.63
0.9 7.96 100.00 0.38 2097.70 11.94 66.65 0.24 3278.47 0.24 3283.36

4 0.1 7.93 100.00 1.67 476.15 9.08 87.30 1.26 627.65 1.26 629.05
0.3 7.93 100.00 1.28 617.75 9.73 81.49 1.16 682.83 1.16 684.17
0.5 7.93 100.00 0.97 821.20 10.35 76.60 0.96 828.50 0.96 829.48
0.7 7.93 100.00 0.68 1169.90 11.01 72.00 0.65 1218.38 0.65 1218.62
0.9 7.93 100.00 0.38 2092.50 11.90 66.63 0.24 3270.40 0.24 3275.28

5 0.1 7.95 100.00 1.68 474.74 9.06 87.79 1.27 625.74 1.27 627.13
0.3 7.95 100.00 1.29 615.90 9.71 81.87 1.17 680.75 1.17 682.08
0.5 7.95 100.00 0.97 818.71 10.34 76.90 0.96 825.97 0.96 826.95
0.7 7.95 100.00 0.68 1166.31 11.01 72.22 0.65 1214.67 0.65 1214.90
0.9 7.95 100.00 0.38 2085.89 11.91 66.77 0.24 3260.42 0.24 3265.28

6 0.1 7.81 100.00 1.67 467.14 8.94 87.37 1.27 615.79 1.27 617.16
0.3 7.81 100.00 1.29 606.07 9.58 81.55 1.17 669.92 1.16 671.23
0.5 7.81 100.00 0.97 805.66 10.19 76.67 0.96 812.84 0.96 813.80
0.7 7.81 100.00 0.68 1147.79 10.84 72.08 0.65 1195.35 0.65 1195.58
0.9 7.81 100.00 0.38 2052.92 11.71 66.75 0.24 3208.57 0.24 3213.35
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Fig. 1. Graph of (a) MSE, (b) PRE of direct estimators for normal population.
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Fig. 2. Graph of (¢) MSE, (d) PRE of direct estimators for exponential population.
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Fig. 3. Graph of (e) MSE, (f) PRE of synthetic estimators for normal population.
Table 6
Population parameters for different domains.
Table 5 Domains N, Y, X, S, S, Pyx
Total areas (Irrigated and Unirrigated) under Paddy crop in RICs of Mohanlal- - - =
ganj tehsil for agricultural season 2017-18 and 2018-19. 1 26 87.69 89.38 63.78 64.33 0.989
2 25 184.804 179.32 125.67 122.00 0.966
S. RIC of Number of Total area (Irr+U. Total area (Irr+U. 3 32 115.88 116.87 74.35 73.18 0.980
No. Mohanlalganj  villages in Irr.) under the Paddy  Irr.) under the Paddy 4 34 86.59 84.91 70.76 68.10 0.971
tehsil RIC crop in 2017-18 crop in 2018-19 5 29 111.03 101.97 75.35 74.53 0.980
6 36 124.83 137.36 90.57 103.72 0.783
1 Mohanlalganj 26 2324 2280
2 Nagram 25 4483 4620
3 Khujauli 32 3740 3708
4 Gosaiganj 34 2887 2944 estimators is obtained to the first order approximation. Under some effi-
5 Amethi 29 2957 3220 ciency conditions, the proposed direct and synthetic estimators outper-
6 Behrauli 36 4945 4494

form the conventional direct and synthetic estimators. The theoretical
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Fig. 4. Graph of (g) MSE, (h) PRE of synthetic estimators for exponential population.
Table 7
Results of direct estimators for real population.
3 d d d
Estimators . [ e t:ig,a tha
Domains
MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE
1 657.12 100.00 13.83 4751.59 174.64 376.28 13.83 4751.59 0.41 159925.50
2 2526.77 100.00 171.49 1473.45 716.78 352.52 168.49 1499.65 139.21 1815.05
3 748.64 100.00 30.00 2495.60 211.11 354.62 29.99 2496.59 21.39 3499.30
4 568.02 100.00 32.98 1722.35 163.74 346.90 32.91 1725.79 25.25 2249.82
5 750.52 100.00 37.37 2008.31 176.26 425.81 30.24 2481.91 22.86 3283.81
6 944.07 100.00 427.66 220.75 430.23 219.43 365.03 258.63 363.16 259.96
Table 8
Results of synthetic estimators for real population.
Estimators e t:,a Tha tjgvas t:kﬂ
Domains
MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE
1 1026.66 100.00 14.36 7148.66 249.34 411.75 13.64 7524.80 13.56 7571.66
2 4794.44 100.00 63.78 7517.17 1772.37 270.51 60.59 7912.69 60.22 7961.97
3 177.66 100.00 25.08 708.48 55.95 317.52 23.82 745.76 23.68 750.40
4 1092.26 100.00 14.00 7800.59 208.81 523.08 13.30 8211.03 13.22 8262.16
5 210.49 100.00 23.02 914.20 53.37 394.43 21.87 962.30 21.74 968.29
6 240.51 100.00 29.10 826.41 67.88 354.34 27.65 869.89 27.48 875.31

results are supported with a simulation study using artificially gener-
ated populations and the results are reported in Tables 1-4. The results
of the simulation study show that the proposed direct and synthetic es-
timators dominate their conventional counterparts existing till date in
each domain of the simulated populations. Also, from the results of Ta-
bles 1-4, the proposed synthetic estimators are found to be better than
the proposed direct estimators in all domains. Further, from the simu-
lation results of Tables 1-4, the MSE and PRE for the suggested direct
and synthetic estimators tZk,a and tik’a reduces and increases, respec-
tively, as the correlation coefficient increases. Moreover, a case study
is also presented by using a real data of crop acreage of paddy in Mo-
hanlalganj tehsil of Uttar Pradesh. The numerical results based on real
data are reported in Tables 7-8 which demonstrate the ascendancy of
the proposed estimators over their counterparts in each domain. There-
fore, for the estimation of small domain means, survey practitioners are
strongly encouraged to use the proposed direct and synthetic logarith-
mic estimators.

The proposed direct and synthetic estimators may be examined in
the presence of measurement errors using SRS (see, [11]), under strat-
ified sampling (see, [9,6]) under ranked set sampling (see, [2]), under
stratified ranked set sampling (see, [7]), etc.
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