Chapter 3

E-Bayesian Inference for Poisson Inverse
Exponential Distribution Under Different

Loss Functions

3.1 Introduction

In the previous chapter, we have discussed the procedure for obtaining the classical and Bayesian
estimation under PT-II CBRs. This chapter, we obtain the E- Bayes estimator of the consid-
ered Poisson family, we know that the distribution as a Poisson inverse exponential distribution
(PIED). Here, experimental units generally deal with truncated data in studies pertaining to
medical and survival analysis. However, data might be a set of some samples or censored data
from an experiment. The literature has witnessed the different type of censoring techniques to
effectively reduce the time and cost of the life testing experimentation. The Type-I and Type-II
censoring are the very useful real life problems. Type-I (pertains to time constraint) and Type-II

(pertains to cost constraint) censoring; time and number of experimental units are pre-specified

“Part of this chapter has been published in reputed peer-reviewed journals with indexing SCIE, SCOPUS,
PubMed see Pathak et al. (2020a).
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or fixed, which has been controlled by experimenter. However, it may not be always true for
data related with medical studies. Because some of the surviving experimental units are re-
moved randomly at each stage of failure from the experiment due to some unforeseen reasons,
which are beyond the control of the experimenter. For example, let us suppose that n, number
of multiple myeloma patients have a malignant disease characterized by the accumulation of
abnormal plasma cell, a type of white blood cell, in the bone marrow, and are put under medi-
cation in hospital. It is decided to observe the survival lifetime of m patients out of n. During
medication it may happens that after death (first death, second death or so on) some patients
may leave the hospital due to various reasons like loss in faith with hospital, treatment etc. The
process of taking observations continues till survival times of m patients are recorded. It may
also be noted that the number of patients dropping out from the test at each stage is random
and can not be predetermined. The above said censoring and their mathematical formulation,

expression have been discussed in Chapter 1, Subsection 1.11.2.

In last few years, the estimation of parameters of different lifetime distribution based on pro-
gressive censored samples have been discussed by several authors such as (Childs and Balakr-
ishnan (2000), Kundu (2008), Kim and Han (2009), Gholizadeh et al. (2011), Kim et al. (2011),
Huang and Wu (2012)).

Some early works based on the estimation of parameters of different lifetime distribution un-
der PT-II CBRs has been done by (Tse and Yuen (2000), Wu and Chang (2002), Singh et al.
(2013b), Singh et al. (2014), Kumar et al. (2015), Kumar et al. (2018), Kumar et al. (2019a)).

Firstly, han has discussed the E-Bayesian inference, which is an alternative to Bayesian infer-
ence. This method has been used as prior for the unknown hyper parameters. The hierarchical
prior distribution may be used as prior for the unknown hyper parameters, and has required
to set the at least two stages of prior setting (see Lindley and Smith (1972)). But in practice,
under censoring mechanism through this prior, the Bayesian estimates of the unknown param-

eters that have been obtained is quite complicated for the purpose of data analysis as well as
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computations. For this contrary, we are approaching to follow E-Bayesian estimation method

for PIED parameters under PT-II CBRs.

The detailed discussions about the E-Bayesian method see, (Han (2007), Han (2011a), Han
(2011b)). The E-Bayesian estimation for the parameters of different lifetime distributions (see
Gupta (2017), Yousefzadeh (2017), Han (2017a), Han (2017b), Han (2019b) etc.). Further-
more, a few number of authors dealt with the E-Bayesian estimation of parameters for lifetime
distribution with type-II censoring (see Jaheen and Okasha (2011), Okasha (2014), Reyad and
Ahmed (2016) etc.).

Also, El-Sagheer (2017) considered the Rayleigh distribution for E-Bayesian estimation under
progressive type-II censoring. The hierarchical and E-Bayesian estimations for the proportional
reversed hazard rate model based on record values have been discussed by Kizilaslan (2017).
Moreover, some more relevant literature related to the study of E-Bayesian estimation for E-
posterior and E-MSE has been done (see Han (2018), Han (2019a), Han (2019b), Han (2019c¢),
Han (2020)).

Recently, PIED as a parametric compounding based upon Poisson lifetime distribution which
has been introduced by Kumar et al. (2018). The various parametric compounding based on
Poisson lifetime distributions ((Barreto-Souza and Cribari-Neto (2009), Louzada-Neto et al.
(2011), Lu and Shi (2012), Kumar et al. (2018)) have been used for parameter estimation, but
no one attempted to work on E-Bayesian inference for the parameters under PT-II CBRs. This

is the beauty of this chapter.

Finally, in this chapter we obtain the E-Bayesian and Bayesian estimators of parameters of
PIED under SELF, GELF and LINEX for PT-II CBRs. The E-Bayesian estimators are com-
pared with Bayesian estimators and obtained under different loss function in terms of their

risks.
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3.2 Mathematical Formulation

We begin by summarizing PIED model and likelihood under PT-II CBRs along with Bayesian

and E-Bayesian approach that will be used through out the chapter.

3.2.1 The Model

The two-parameter PIED is one of the latest compounding of two most useful probability dis-
tributions termed as Poisson inverse exponential distribution i.e., zero truncated Poisson and

inverse exponential, and their PDF is

2 _A
OLe O H0e X

(1—e9)x? ;

f(x;0,4) = x>0,1>0,0>0, (3.1)

where, the parameter 6 and A are represented as shape and scale, respectively. The correspond-

ing CDF of PIED (4, 0) is given by

A
e ® (eee * 1)
F(x;0,A) = = ; x>0,A>0,0>0. (3.2)

It is a lifetime distribution with initially increasing then decreasing failure distribution. The HF

can be defined as

A
‘9. *¥3 —9—%4—967?
h(x;0,1) = f(x:6,4) _ e . x>0,1>0,0>0. (3.3)
1-F(x;60,4) x2<1_e—9+9e‘7>

It is very much plausible statistical distribution and alternative to common mixture of lifetime

distributions when it is heavy-tailed with monotone failure data. As per applied mathematical
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formulation of PT-II CBR mechanism are discussed in Chapter 1, Section 1.11.2. The condi-

tional likelihood function can be written as (see Cohen (1963) and Kamps and Cramer (2001))

L(A,0;x

R = }") = f(le",Xm) (.X,'] o 7xm)

a (3.4)
=c[[fea) 1 =F ()75 —eo <xp <-ov < Xy < o0,

i=1

wheren=m+Y" | ri,n,meN,r; € Np,1 <i<m, riNB(n—m—Zfl(l)rl,p) fori=1,2,3,--- ,m—
land ro=0and c =[], % with ;=¥ ;(r; + 1) and for ¥ = n. Substituting f(x;) and F (x;)

from Equations (3.1) and (3.2) into Equation (3.4), it reduces to

A i
m 916797%+6e7%’ e ? (eee - 1)
L()L,G;x|R:r):cH 102 1— 0o ) : (3.5)
1=

The number of the experimental unit R; removed at i’ h failure X;; i = 1,2,---(m—1), follows a

Binomial distribution with parameters (n —m—Y.'!_{ r;, p). Therefore,

n—m

P(Ri =ri;p) = ( ) pr(1—p)t, (3.6)

n

and fori=2,3,--- m—1,
P(Ri;p) =P(Ri=rilRi—1 =ri-1,--Ri =n1)
i 3.7
_ (n_m_Z;:%)rl> T nfmfZ;;(l)rl ( )

11_
, p(1-p)

We also assume that R;s are independent of X; for all i. Thus, the joint likelihood function

Xi,i=1,2,3,--- ) mand R;, i =1,2,3,--- ,m can take the following form

L(6,A,p;x) =L(0,4;x[R=r)P(R=r;p), (3.8)
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where
P(R=r;p)=PRi=r)P(Ry=nr|Ry=r)P(R3=r3]Ry =r,Ry =11) 39)
o P(Rpy—1 =rm—1|Rm—2=rm—2,- Ry =11).
Substituting Equations (3.6) and (3.7) into Equation (3.9), we get
PR=rip) = (n—m)!pEia'ni (1 — p)(mfl)(n*M)*Z,*":il(mfi)ri G410

(n—m =iy T it

Now using Equations (3.5), (3.8) and (3.10) the complete likelihood function can be written

as
L(A,0,p;x)=nL;(A,0)L(p),
_ c¢(n—m)!
where M= Gom L)
2 6,6 % "
OIS | CARS i ()
1 ) = — - — ’
i1 (1—e0)x? (1—e9)
and

m—1

m—l . m—1)(n—m)-=Y; m—i)r;
Lz(p):pzi:] rt(l_p)( 1)( ) Yo ( )l.

3.3 Maximum Likelihood Estimation under PT-II CBRs

3.3.1 Point Estimation

(3.11)

(3.12)

(3.13)

As we observed that Li(A4,0) has independent of L, (p). Therefore, the ML estimates of A

and O can derived by maximizing Equation (3.12) directly. The log-L function of the above
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Equation (3.12) becomes

InLi(A,0) = —mB+mIn(6)+mIn(A) — A Z 1 +6 Ze*%
i—1 N i=1

A (3.14)
m 0 m m —G(I—e Xi)
—<m+ ri)ln(l—e )—ZZIH()@)—FZ’HH l—e .
i=1 i=1 i=1

The ML estimates of (A, 8) can be directly obtained by maximizing the log-L function Equation

(3.14), or alternatively, by finding the solution for the following two nonlinear Equations,

A
X

)
—1

m

m 1
i Ml

i=1" i=

=0, (3.15)

S Th
1A

i=1 O(I—e
Xi | e

and

m m _A mn efe n ri(l—e 71‘)
g mtLe xt—<m—|—Zr,—> 1—e*6_; : =0. (3.16)

The above Equations (3.15) and (3.16) can not be solved simultaneously to provide any explicit
solution for ¥ = (A, ). Therefore, these normal equations are to be solved numerically using
some adequate iteration such as the NR method or an algorithm such as nlm of software R

(Ihaka and Gentleman (1996)).

3.3.2 Confidence Intervals

Now, we discussed CIs of the parameters A and 6 under PT-II CBRs. Therefore we have,

-1

A N R 2 5
Var(Ay) — Cov(Am,6um) | -2 lnaL;{g}L’e) 2 13%(3,9) (3.17)
A % A o 2 2 s .
COV(AM7 QM) Val’(GM) . 0 lgléb(it,e) . 0 ln(%él,@)

l:iMﬁ:éM
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where,

PInLy(A,0) m 1\ i
T:_ﬁ—’—e;(;) ‘ X’_;Ti’

and,

d°InL;(A,0) e
dAd0 =L

d’InL{(A,0) UNP
FCED) __.Z .

9*InLi(A,0)  m
062 B

The jLM and Gy are denoted as ML estimates of A and 6. For the asymptomatic variance-

covariance of A and 0 are computed by invert og the Fisher’s information matrix,

_ 9%InLi(A,6) 9%InL{(A,0)

_ A2 XYL
I=FE
_9%InLi(A,6)  9°InLi(A,6)
09 062

Thus, an approximate 100(1 — ot)% CIs for the parameters A and 0 are given by

<§LM—za/2\/Var(iM), iM +2q/21/ Va”dM))
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and
<éM—za/2\/Var(éM), O —|—za/2\/Var(éM)) ,

respectively, where z4, is the percentile (o / 2)”’ of the standard normal distribution, also

Var(Ay) and Var(6y) represent asymptotic variances of ML estimates.

3.4 Bayesian and E-Bayesian Estimation

We discuss the process of obtaining the Bayesian and E-Bayesian estimator of PIED parame-
ters A and 6 based under PT-II CBRs. Bayesian and E-Bayesian estimators of the respective

parameters are shown below.

3.4.1 Bayesian Estimation

Based on PT-II CBRs, observations from the PIED, the likelihood function given by Equation
(3.12), prior distributions for the parameters in the distribution is g;(A|a,b) of A is given by

Equation (3.18) and g>(0|a, B) of 0 is given by Equation (3.19) respectively,

ba

g1(Ala,b) = me—“m—l; A>0,a>0b>0, (3.18)
BOC
gz(eya,ﬁ):me*ﬁ"e“”; 6>0,00>0,8>0. (3.19)

It may also be noted that the gamma prior g;(A|a,b) and g>(6|a, B) are independent and take
on wide variety of shapes (prior believes of experimenter) depending on the value of hyper

parameters, the joint prior pdf of A and 0 is

g(A,0) =gi(Ala,b)*g2(0]a, B). (3.20)
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Combining the priors given by Equation (3.20) with likelihood given by Equation (3.12), we

can easily obtain joint posterior PDF of (A, 0) as

(A, 0]x) = @, 3.21)

¢
where
_o-Aipe *9<176”‘%) "
OAe " i 1—e b bA-Popa-1ga-l
m
&= 11:1 T(@D(@) (1 —e 0)iT iy
and

g:/ow/owgodxde.

Hence, the respective marginal posterior PDF’s of A and 6 are given by

7, (Alx, r) = /0 ) %de, (3.22)
1(6]x,r) = O°° %dx. (3.23)

Further, in this context of loss function is the very essential element of the parameter estimation
problem. SELF is very frequently used loss function and the weakness of this loss function is
symmetric and put on equal weight to o.e. and u.e. of the same magnitude. Also, considered

asymmetric loss function is GELF and LINEX are discussed in Chapter 1, Section 1.8.



Chapter 3. Poisson Inverse Exponential Distribution 79

Expressions for the Bayesian estimators <15,95>, (iL,éL) and (ig,ég> for (A,6) under

SELF, LINEX and GELF respectively can be given as

isz/wmlwx,r)dx,
0

. (3.24)
éS:/ 07, (6|x, r)d,
0
Ay — —%m (/ooe_Mn'l(Mx, r)d?L) ,
1 0 (3.25)
b= —=In </ e 59n2(9\x,r)d9>,
0 0
_1
A R S
do = (/ )LSnl(Mx,r)dQL) ,
0 1 (3.26)

R = 5
O = (/ 9—5n2(9\x,r)d9> .
0

Here, 0 is the shape parameter of loss function. Substituting the posterior PDF from Equation
(3.22) and (3.23) in Equations (3.24), (3.25) and (3.26) respectively and then simplifying,
we get the Bayesian estimators (?lg,ég), (ZL,QL) and (ig,ég) of (1,0). It may also be
noted that the above integrals involved in the expressions for the Bayesian estimators (fLS, és>,
(th, éL> and (i(;, ég> are not possible to reduce in closed form. Therefore, we propose the use
of numerical method for obtaining the estimates. We have used MCMC method. For this, we
proceed by generating observations from posteriors Equations (3.22) and (3.23) respectively.
These posteriors does not follow any standard form density, since with help of Metropolis
and Ulam (1949), we use M-H algorithm to generate sample observations from each of these

posterior distributions as, see Gelman et al. (2013)

A Ti
— m (1 m 7% A _9(]_9_7’.)
T (A]0,, ) o AmHa-1g A (48) oxr e T 1-e (3.27)
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A ti
1,-6 oyr o _e(l_e )
9m+a7 ei (m+ﬁ)e Zi:]e ! ;n:l l_e

7584, x,r) o (3.28)

(1— e 0)Tiritm !

respectively. For detailed see Aggarwala and Balakrishnan (1998), Louzada-Neto et al. (2011),
Wu and Chang (2002)

3.4.2 E-Bayesian Estimation

The prior distribution of A and 6 are g;(A|a,b) and g»(0|a, B) respectively, which are decreas-
ing function of A, 6 with respective hyper parameter (a,b) and (a, ), for more detailed see

Han (2007). The derivative of g1(A|a,b) and g>(0|c, B) with respect to A, 0 is

dgi(A|a,b)] _ bA“2e
i T()

[(a—1)—bA], (3.29)

d[g2(6]a, B)] _ BrOY 2 PO
do - I(a)

[(a—1)—pB0], (3.30)

where (a,b) >0, (o, ) > 0and (A,60) > 0. From above Equation (3.29) and Equation (3.30),
it is clear that for 0 < (a,a) < 1,(b,) > 0, and since gi(A|a,b), g2(0|c,B) is decreasing
function of A, 6. It also observed for given 0 < (a,o) < 1 and (b,) > 0 are, the very less
probability in the tail of the gamma density function. According to Berger (2013), the thinner
tailed prior distribution often reduces the robustness of Bayesian estimate. Since, the value of
(b, B) should not be larger than a given upper bound (c,y), where (c,y) > 0 is a given upper
bound. Therefore, the hyper parameter (a,b) and («, B) should be selected with the restriction
of 0 < (a,0) <1land 0 < b < ¢, 0 < B <y (where constant (c,y) would be considered later
in simulation study). Then we are obtained the E-Bayesian estimate of A and 6 based on three
different distribution of the hyper parameters (a,b) and («, ). These distributions are used to

investigate the influence of the different prior distributions on the E-Bayesian estimation of A
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and 6. The following distribution of hyper parameter a, b are used for A

1 3
- - (M*l) 1 _ (V*l). 1
m1(a,b) c(B(u,v))a (1 —a) ; O0<a<l;0<b<ec,
2(c—b
nlz(%b):%N—U(l—aw—”; 0<a<1l:0<b<ec, ¢ (3.31)
2 .
nl3(a7b):ma(” D1-a)0 D, 0<a<li0<b<c. )

We may also notice from above Equations (3.31), if u > 1, v > 1 then 7j;(a,b) - 0asa — 0
ora— l;i=1,2,3. But 0 <u < 1, then m;(a,b) — o as a — 0, and if 0 < v < 1, then
mi(a,b) — o as a — 1;i = 1,2,3. Therefore, u > 1, v > 1 then m;(a,b) has unique optimal

solutions for each i = 1,2, 3. Also, distribution of hyper parameter ¢, 3 are used for 0

1 )
71’21((1,‘8):m(x(ul_l)<l—a>(vl_l); O<OC<1,0<[3<’)/,
nzz(a,ﬁ):%a(”'1)(1—05)(“1); O<a<1;0<B <y, (3.32)

2B (wi—1) (vi—1)

(o, p) = 5———a'! 1—o)\V" 7, O<oa<1;0<B<y.
23( ﬁ) YZB(M],Vl) ( ) ﬁ Y )

Similarly, from above Equations (3.32), if u; > 1, v; > 1 then my;(a,) — 0 as o« — O or
o— 1;i=1,2,3. But 0 <u; <1, then m;(a,B) — o as a — 0, and if 0 < v; < 1, then
mi(a,B) —as o — 1;i=1,2,3. Therefore, u; > 1, v; > 1 then m; (o, ) has unique optimal
solutions for each i = 1,2,3. Since, the above Equations (3.31) and (3.32) are said to be the
prior of the hyper parameter a and b for A; o and B for 6 respectively. The corresponding

E-Bayesian estimation of A and 0 under SELF, GELF and LINEX are given as follows:

iEBSi://l)isnli(a,b)dadb; i=1,2,3:De{(a,b): 0<a<1, 0<b<c},

Oppsi = // Osri(ot, B)dadB; i=123Dec{(a,B): 0<a<1, 0<B <7},
D
(3.33)
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)lEBGi://iGn”(a,b)dadb; i=1,2,3:De{(a,b): 0<a<l1, 0<b<cl
D

éEBGi://éanxa,ﬁ)dadﬁ; i=1,23%Def{(a,B): 0<a<1l, 0<B<y}
D
(3.34)

and

ﬁ,EBL,-://iLmi(a,b)dadb; i:1,2,3;D€{(a,b): O<a<l, 0<b<6‘},
D

Orpri = // thﬂzi(a,b)dadb; i=1,23De{(a,B): O0<a<1, 0<B <y}
P (3.35)
We observe the above Equations (3.33), (3.34) and (3.35) in integrals form of E-Bayesian esti-
mate under SELF, GELF and LINEX loss functions are not possible to get the solution. There-
fore, we perform the computational method Markov Chain Monte Carlo (MCMC) through R
software and get the estimates of E-Bayesian under SELF, GELF and LINEX (see Zellner

(1994) and Zellner (1986a)). In the next subsection, we deal with the MCMC algorithm.

3.4.3 The MCMC Algorithm

We now generate sample observation from 7} (4|0,x,r) and 75 (6|A,x,r), and taking normal
distribution, N (iM,Var (%4)) and N (Oy,Var (6y)) as proposal density respectively. The

following steps of the algorithm is given as
(i) Set the initial guess of A and 6 say Ay = Ay and 6y = By,
(i) Seti=1

(iii) Generate a candidate point A and 6; from proposal distribution ®; ~ N (iM, Var <1M>>
and &, ~ N (éM,Var (éM)) respectively and take a point x from uniform distribution

U(0,1).

(i-1) _ o (A A 2@ (AT
Let T] (ll 7),*) = min ( Inl*(ll*Mi—lva)qDI(l*) 3 1 5
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(iv)

v)

(vi)

(vii)

(i-1) [ m(6]16_1)x,r)P2(67T)
o (el. 79*) —m’”< FECRSERT SR

Set A =21*, 00 = 9* ifu < 14 (li(i_l),l*>, u<mn (9-(i_1), 9*) otherwise set

1

A0 = A1) g() — gli=1)
Seti=i+1

Repeat steps (ii)-(iv) for sufficiently large number of time i.e., N sufficiently large number.

After the convergence of chain of observations, we have A,A,,A3,--- , Ay and 6;,6,, 65, - - -

Obtain the Bayesian estimates of A and 6 under GELF and LINEX as

1 1
5 1 N-Nyp,-8| & 5 _ 1 N—-Ny 6| @
A = [N—No et } . 06 = [N—NO Yio1 6 ] and

A = —%hl [NJNO Z?SNO 6751’} , 6 = —%ln [N+NO Z?;NO 6759,4] , where, Ny is the burn-
in-period of Markov Chain. When substituting d equal to -1 in step (vi), of ig, O, we get

Bayesian estimates of A and 6 under SELF.

The E-Bayesian estimates of A and 6 under different loss functions, firstly we generate
a and b from Beta distribution and Uniform distribution for the values of prior parame-
ters (u,v) and (0,c) respectively as stated Equation (3.31). Similarly, generate o and 3
from Beta distribution and Uniform distribution for the values of prior parameters (u;,v;)
and (0,7) respectively as stated Equation (3.32). Using step (vi) with above Equations
(3.31), (3.32) to get E-Bayesian estimates of A and 6 under SELF, GELF and LINEX

respectively.

3.4.4 Bayesian Intervals

In this subsection, we obtain Bayesian credible and HPD intervals of A and 6, which is ana-

log of a frequentest method of CIs. We use the sample A and 6 (say km,/lm,/lm, e ,A[N])

and (61,0, 03),- -+ , Ojy)) obtained from posterior distribution through the MCMC method

in the previous subsection and apply the algorithm of Wu and Chang (2002) to get Bayesian

credible and HPD intervals for A and 6. In this algorithm, we first order the obtained sample

observations as ()L[l] < ;L[z] < 1[3} <0< A[N]) and (9[1] < 9[2} < 9[3] << Q[N]) and then

Oy
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(i) The 100(1 —y)% Bayesian credible interval of A and 8 are given as (A((y 2)n1: A(1-y/2)N])

and (6)(y/2)n7, O(1—y/2)n]); Where [(y/2)N] and [(1 — y/2)N] are integer parts of [(y/2)N]
and (1 — y/2)N] respectively.

(ii) For HPD of A and 0, we first obtain all 100(1 — y)% credible intervals given as
Ay M (1—yy2pny)s - i=1,2,3,-- ,yN;

(611, Bji+-(1-y/2)n))3 i=1,2,3,--,yN;

along with their corresponding lengths
LA)i=Aiy(1—yony — Ay i=1,2,3,-,yN;
L(0)i =0 (1—yny— ;. i=1,2,3,-- ,yN;

and thereafter pick up the interval of A and 6 of which have smallest length L(A); and L(0);

respectively.

3.5 Monte Carlo Simulation Study and Comparison of Esti-

mators

We are obtaining some numerical illustrations based on MC simulation study. Because, analyt-
ically the Bayesian and E-Bayesian estimators are not obtained in closed form. Therefore, we
need to simulate propose estimators under PT-II CBR samples from PIED. The Balakrishnan
and Sandhu (1995)’s algorithm has been used for simulation under PT-II CBR samples. Then,
we also compare the various estimators computed in Sections 3.3 and 3.4 under PT II-CBRs.
The set of estimators (iM,éM>, (;lg,é5>, (ig,ég) and <5LL, 9L> denote the ML estimators

and Bayesian estimators of the parameters (A, 0) under SELF, GELF and LINEX respectively,
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while (iEBSi, éEBSi>, (iEBGi, éEB(;,) and (j.EBL,-, éEBL,-) with i = 1,2, 3 are corresponding E-
Bayesian estimators under SELF, respectively. Now, we are comparing the estimators obtained
under symmetric and asymmetric loss functions with corresponding Bayesian and E-Bayesian
estimators respectively. The comparisons are based on the simulated risks under SELF, GELF
and LINEX. It may also be mentioned here that the exact expressions for the risks can not be
computed because the estimators are not found in closed form. Therefore, the risks of the es-
timators are estimated on the basis of MC simulation study of 10000 samples. It may also be

cleared that the risks of the estimators will depend on values of n,m,p,A, 0,7, 6 and c.

In this study the effect of variation in the value of the combination of total sample size n with
different size of effective sample size m, we have obtained the simulated risks for n = 20,m =
12[2)4; n =30,m = 18[3]6 and n = 40,m = 24 [4| 8 and with loss parameter § = 40.1, (o.e.
is more serious than u.e.), 6 = —0.1 (u.e. is more serious than o.e.), p = 0.05 (probability
of removals). The selection of the hyper parameter based on the prior distribution setting,

here we are choosing the prior mean as a true parameter value and prior variance is 62 = 0.9.

A
o2’

Then the hyper parameter a = ﬁ—z and b = similarly o = g—z and B = % and hyper prior
parameterisu =a, v=>b, c =4 and u; = ¢, vi = 3, y = 3. Using PT-II CBR samples and
obtained simulated risks for the estimators of A and 0 under SELF, GELF and LINEX have
been obtained for selected values of n,m,p,A,0,7, 6 and c¢. The results are summarized in

Table (3.2), Table (3.4), Table (3.3) and Table (3.5) respectively.

The computations in Table (3.2) and Table (3.3) show that ML estimates, Bayesian and E-
Bayesian estimates of parameter A and 6 based on SELF, GELF and LINEX. The estimated
risks of the different estimators are compared on SELF. Table (3.2) shows that the O.e. is more
serious than u.e. cases i.e, for > 0 while Table (3.3) represents that for u.e. is more serious
than o.e. cases i.e, for 6 < 0 of (ig,é(;> and <5LL,9L>; (iEBGi,éEBGi) and (iEBLi,éEBLz)
with i = 1,2, 3 are corresponding E-Bayesian estimators. We observed from Table (3.2), Table
(3.3) that estimated risks of Bayesian and E-Bayesian estimators decrease as effective sample
size m (and fixed n) increases. Generally, in most of the cases, risks of the proposed E-Bayesian

estimator of A and 0 i.e, (thBB, éEBL3> has minimum risks as compared to other competitive
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estimators of A and 6. Also, in Table (3.2) and Table (3.3) show average Bayesian and E-
Bayesian (in parenthesis) estimate, average length of CI and HPD intervals. The Average length

of CI and HPD interval of A and 0 are also decreases when m increases.

However, in Table (3.4) shows that the risks of estimators of A and 6 under GELF and LINEX
for 6 > 0. Under both losses we show that the proposed E-Bayesian estimator (iEggg, éEBS3>
has minimum risk as compared to other competitive estimators and the trend of risks of the
estimators of A and 6 have similar trend as previous tables. But Table (3.5) shows risks of
estimators of A and 6 under GELF and LINEX for é < 0. In this table we also found that
the proposed E-Bayesian estimator (thBB, éEBL3) perform better than other estimators. For
fixed n, when the effective sample size m increases risks of Bayesian and E-Bayesian estimators

decreases.

3.6 An application to Survival of Multiple Myeloma Patients

Data

Here, we consider a Multiple myeloma patients data set from Collett (2014). The observed data
of survival time (in months) of multiple myeloma patients are 13, 52, 6, 40, 10, 7, 66, 10, 10,
14, 16, 4, 65, 5, 11, 10, 15, 5,76, 56, 88, 24, 51, 4, 40, 8, 18, 5, 16, 50, 40, 1, 36, 5, 10, 91,
18,1, 18, 6, 1, 23, 15, 18, 12, 12, 17, 3, which are related to 48 patients, all of whom are aged
between 50 to 80 years. Suppose the survival time of multiple myeloma patients who have a
malignant disease characterized by the accumulation of abnormal plasma cell, a type of white

blood cell, in the bone marrow can be modeled by PIED as a lifetime model.

Goodness of Fit Tests

The x? goodness of fit and the K-S test to check whether PIED has properly accommodate the

data. The simultaneous optimal solution of A and 0 are 2.575034 and 3.872177 respectively,
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which is verified by Figure (3.3). Now we want to test the null hypothesis that the distribution
function F(x) from which the data came PIED with A =12.575034 and 6 = 3.872177 respec-

tively. Thus, F(x) is completely specified.

The xz test

The random sample of size 48 is drawn from a population with unknown CDF Fj(x). We wish
to test the null hypothesis

HO . F()(x) = F(x),
H1 ZF()()C) #F(X)

Let us start with six intervals (0, 5], (5, 8], (8, 14], (14,23], (23,53] and (53, 100] with equal bins.
The sample size of each interval is Y1 =6, Yo =7, Y3 =10, ¥4 =10, Y5 =9, and Y5 =6
respectively. Corresponding probabilities are p(Y;) = 0.19366, p(Y>) = 0.13691, p(Y3) =
0.18103, p(Ys4) = 0.14482, p(Ys) = 0.17226 and p(¥s) = 0.07559. The calculated value of
xczal = 4.34604 has less than tabulated value of 953270.05 = 7.81473. Sine, we cannot reject Hy
at a% level of significance. Thus F(x) is suitable for the data set. But the y? test is essen-
tially applicable for large samples. Although it is also observed that the latter treats individual
observations directly, whereas the former discretized the data and sometimes loses information

through grouping. Therefore, the K-S test is applicable even in the case of very small samples

as well as large samples.

The K-S test

This test assumes continuous of the distribution function, to check difference between F,(x)
and F(x). Since, to test

Hy: F,(x) = F(x),

H, : F,(x) # F(x),
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where F,(x) is the sample (empirical) distribution function, F(x) is specified for all x. The test
statistic

Dy = sup|Fy(x) — F(x)],

is less then tabulated value of K-S distance D, ¢ then accept Hy. For complete data set K-S
distance and p-value are 0.125 and 0.8475, respectively. Also for various censoring schemes
under PT-II CBRs, we calculate the K-S distance and corresponding p-value, see in Table (3.1).
Other hand, the D, statistic is used to obtain the confidence bands on F,(x) for all x, where
F,(x) is a consistent estimator for CDF F(x). The number D, 4 is obtain from the K-S table
(Standard), such that

Plsup|Fy(x) —F(x)| < Dyqo] =1 —«,

where, 0 < F(x) < 1 Vx. Thus we define

L, (x) = max|[F,(x) — Dp,q,0],

and

U, (x) = min[F,(x) + Dy q, 1],

where L,(x) and U, (x) are lower and upper confidence band for the cdf F(x), with (1 — )%
confidence coefficient. Of course, the F(x) lies completely within the limits if and only if the
hypothesis cannot be rejected at % level of significance. The K-S bound for various scheme

are shown in the Figure (3.7).
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Also, we considered, a graphical method based on TTT plot as a crude indicator see Aarset

(1987). The empirical TTT is given as

Sy Xici X+ (n=r)x

Y

Sn i1 (i)

where r = 1,2,---,n and x(,) is the order statistics of the sample. Figure (3.1), represents the
TTT plot for given data set and it indicate the increasing then decreasing failure rate functions
along with PDF/CDF plot. Figure (3.2), represents the PP plot, sample QQ plot, and KMP plot
i.e., Kaplan—Meier plot respectively, which can be suitable to PIED. Figure (3.3), represents

the K-S plot, hazard plot and Likelihood plots, Contour plot, Contour3D plot respectively.

Data Analysis

Figure (3.4), shows the PDF in first column and CDF in second column, Figure (3.5) shows
the P-P plot in first column and Q-Q plot in second column, Figure (3.6) shows the TTT plot
in first column and KM plot in second column, it all for different combinations n = 48,m =
10,19,24,28. These figures are helpful for showing which features of the data sets are well
captured by the PIED model. We may also see from Figure (3.7) at several combination (n =
48,m = 10,19,24,28) of EDF (empirical distribution function) plot with K-S bound and hazard
plot. From all the graphs, we have not shown the major discrepancies between the sampled
distribution (Observed values) and PIED. Further, Table (3.6) shows various combinations of
censoring schemes (n,m) i.e., (48,28),(48,24),(48,19),(48,14),(48,10) under PT-II CBR for
survival of multiple myeloma patients data set with arbitrary choice of probability of removal
p = 0.05. Based on all these combinations (n,m) of PT-II CBR, we obtained ML, Bayesian,
E-Bayesian estimates of A, 0 under SELF, GELF and LINEX loss function, when § > 0 and
0 < 0 are presented in Tables ((3.8), (3.8)) and Tables ((3.9), (3.10)) with different set of
values (c,y) = (3,2);(4,3). We also observed that for all combination of censoring schemes
ML, Bayesian and E-Bayesian estimates of A, 8 under SELF, GELF and LINEX loss functions

always lies in CI and HPD interval. Even though the each an every combination of censoring
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scheme for Table (3.6), the length of HPD always less than length of CI, see Tables (3.7),
(3.8), (3.9) and Table (3.10) respectively. We now discuss some quantiles and estimate of 4,0
results obtained from PIED model with different samples, which are shown in Table (3.11)
and Table (3.12) for § = 0.1 and § = —0.1 respectively. It is very interesting to note that
through E-Bayesian approach covers the more survival time of myeloma patients in respect of

two existing approach i.e. ML method and Bayesian method.

3.7 Conclusion

In this chapter, firstly we have studied on E-Bayesian method to compare with Bayesian esti-
mators for both unknown parameters of PIED under PT-II CBRs. On the other hand, the risk
of the E-Bayesian and Bayesian estimators of A and 6 are compared under SELF, GELF and
LINEX. Generally, we found that the estimated risk of the E-Bayesian estimate of A and 6 have
minimum. Therefore, the simulated results showed that the E-Bayesian estimation method is
more efficient and better to perform than Bayesian estimation. Beside this, we have shown
the interest with application to survival time of multiple myeloma patients data and applying

E-Bayesian inferential procedures for the PIED as underline distribution with PT-II CBRs.
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TABLE 3.6: PT-II CBRs under different censoring schemes (n,m) with fixed n = 48, p = 0.05
for the survival time of multipal myeloma patients.

(n,m) (48,28) (48,24) (48,19) (48,14) (48,10)
i x; R; x;i R; x;i R; x;i R; x; R;
1 1 2 1 1 1 1 1 3 1 2
2 3 1 1 1 1 1 4 4 3 7
3 4 2 4 4 4 4 5 3 6 2
4 5 1 5 2 5 3 8 2 10 2
5 6 2 7 3 8 2 10 O 10 3
6 8 2 10 O 10 2 10 2 12 1
7 10 O 10 O 11 1 12 3 14 3
8 10 1 10 1 12 4 15 2 16 2
9 11 0 12 0 16 2 16 0 18 1
10 12 0 12 0 18 2 17 3 18 15
11 12 2 13 0 18 1 18 1

12 15 1 14 0 24 0 24 0

13 16 0 15 2 36 1 36 2

14 16 0 16 0 40 O 40 9

15 17 1 17 1 40 1

16 18 0 18 3 51 0

17 18 0 24 1 52 0

18 18 0 40 O 56 0

19 23 0 40 O 65 4

20 24 2 40 O

21 40 O 50 O

22 40 1 51 1

23 51 O 56 0

24 52 0 65 4

25 56 0

26 65 0

27 66 O

28 76 2
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TABLE 3.11: Quantiles and estimate of A, 8 are obtained for fixed value of 6 = 0.1.

~

n A 6 Coos  Goas &0.50 &o.75 &o.95 Sample

48 MLE 2575 3.872 2213 6.144 13497 34210 197.341 113,52,6,40,10,7,
SELF 2.578 4.172 2412 6.647 14.538 36.756 211.737  66,10,10,14,16,4,
GELF 2476 3.036 1.669 4.659 10.346 26.403 152919 65,5,11,10,15,5,76,
LINEX 2.567 3.998 2.287 6.329 13.879 35.140 202.589 56,88,24,51,4,40,
EBS1 2574 4.164 2403 6.624 14.488 36.633 211.031  8,18,5,16,50,40,1,
EBS2 2586 4.176 2423 6.675 14.599 36.909 212.614 36,5,10,91,18,
EBS3 2.568 4.152 2390 6.590 14.417 36.457 210.029 1,18,6,1,23,
EBG1 2475 3.031 1.666 4.650 10.327 26.355 152.641 15,18,12,
EBG2 2484 3.040 1.676 4.678 10.389 26.510 153.536 12,17,3
EBG3 2.467 3.022 1.656 4.622 10.265 26.199 151.748
EBL1 2566 3991 2281 6316 13.851 35.070 202.193
EBL2 2.574 4.003 2.297 6.356 13937 35286 203.426
EBL3 2.557 3979 2266 6275 13.764 34.855 200.964

28 MLE 2.677 4.608 2.825 7.677 16.684 42.036 241.688  1,3,4,5,6,8,10,
SELF 2.778 7.756 5.712 14.125 29.698 73.548 418925 10,11,12,12,15,
GELF 2.194 5.033 2584 6921 14953 37.557 215565 16,16,17,18,18,
LINEX 2.722 6.965 4.880 12.295 26.009 64.615 368.676  18,23,24,40,
EBS1 2782 7.767 5.729 14.165 29.782 73.751 420.075  6,40,51,52,
EBS2 2798 7.818 5.811 14.351 30.160 74.676 425.298  56,65,66,7
EBS3 2761 7.715 5.638 13.953 29.347 72.688 414.062
EBG1 2.194 5.040 2590 6.934 14980 37.622 215.935
EBG2 2209 5.073 2.629 7.032 15.184 38.125 218.795
EBG3 2.180 5.006 2.551 6.838 14.778 37.123 213.096
EBL1 2723 6975 4.891 12.318 26.056 64.730 369.323
EBL2 2742 7.021 4.966 12492 26414 65.605 374.276
EBL3 2705 6.928 4.817 12.145 25.701 63.860 364.403

24 MLE 2.749 3.828 2333 6483 14.252 36.136 208.496 1,1,4,5,7,10,
SELF 2.736 4305 2.658 7.294 15921 40.210 231.492 10,10,12,12,13,
GELF 2.563 3.045 1.732 42836 10.738 27.401 158.688  14,15,16,18,24,
LINEX 2.717 4.105 2495 6.888 15.079 38.146 219.809  40,17,18,24,
EBS1 2730 4.294 2.643 7.257 15.844 40.019 230.404  40,40,40,50,
EBS2 2734 4301 2653 7.282 15.897 40.148 231.143  51,56,65

Continued on next page
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Table 3.11 — Continued from previous page

~

n A 6 Eoos  &oas &0.50 &o.75 &0.95 Sample
EBS3 2.730 4.288 2.639 7.245 15.820 39.958 230.063
EBG1 2.559 3.038 1.726 4.818 10.698 27.301 158.114
EBG2 2.561 3.043 1.730 4.829 10.722 27.361 158.461
EBG3 2.557 3.033 1.722 4.807 10.674 27.240 157.768
EBL1 2.713 4.095 2484 6.860 15.020 37.998 218.970
EBL2 2.715 4.101 2491 6.877 15.056 38.088 219.479
EBL3 2.711 4.088 2478 6.842 14.984 37.909 218.461
19 MLE 2.849 3.543 2226 6.214 13.714 34.855 201.382 1,1,4,5,8,10,
SELF 2.847 3.851 2432 6.755 14.845 37.633 217.109 11,12,16,18,18,
GELF 2.684 2734 1.659 4.601 10.242 26.193 151.899 24,36,40,40,51,
LINEX 2.828 3.692 2307 6427 14.155 35931 207.449  52,56,65
EBS1 2.834 3.833 2409 6.692 14.710 37.296 215.186
EBS2 2.845 3.841 2423 6.732 14.795 37.510 216.410
EBS3 2.835 3.826 2.404 6.680 14.685 37.234 214.833
EBG1 2.677 2721 1.648 4.571 10.176 26.025 150.933
EBG2 2.682 2727 1.654 4587 10.212 26.115 151.454
EBG3 2.672 2716 1.643 4555 10.140 25934 150.414
EBL1 2.820 3.675 2290 6.380 14.055 35.683 206.037
EBL2 2.826 3.682 2299 6404 14.108 35.815 206.787
EBL3 2815 3.667 2.281 6.355 14.003 35.553 205.289
14 MLE 2276 3984 2020 5.592 12264 31.055 179.050 1,4,5,8,10,
SELF 2.561 10.365 7.509 17.838 37.001 90.985 516.226 10,12,15,16,17,
GELF 1.870 6.712 3.196 8.107 17.188 42.750 244.072  18,24,36,40
LINEX 2.495 8967 6.142 14.860 31.017 76.521 434.950
EBS1 2.563 10.375 7.525 17.874 37.074 91.163 517.232
EBS2 2.547 10.323 7.433 17.664 36.647 90.121 511.352
EBS3 2.575 10.428 7.605 18.054 37.440 92.053 522.250
EBG1 1870 6.719 3.201 8.117 17.207 42.797 244.336
EBG2 1.860 6.684 3.162 8.027 17.023 42.345 241.775
EBG3 1.880 6.753 3.239 8.207 17.393 43.252 246911
EBL1 2495 8976 6.150 14.877 31.051 76.605 435.422
EBL2 2481 8930 6.079 14.714 30.719 75.794 430.844
EBL3 2.509 9.022 6.222 15.041 31.386 77.420 440.024

Continued on next page
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Table 3.11 — Continued from previous page

A

n 2 6 Soos S2s  Soso  Sors &0.95 Sample

10 MLE 2112 3.184 1.486 4.154 9210 23476 135.872 1,3,6,10,10,
SELF 3.135 14.758 13.819 31.786 65.178 159.276 900.562  12,14,16,
GELF 2.125 9.659 5.727 13.720 28.543 70.295 399.177 18,18
LINEX 3.008 12.085 10.559 24.687 50.923 124.845 707.167
EBS1 3.138 14.771 13.845 31.843 65.294 159.558 902.151
EBS2 3.124 14.711 13.719 31.561 64.723 158.171 894.339
EBS3 3.147 14.831 13.947 32.068 65.748 160.658 908.341
EBG1 2.125 9.667 5.733 13.733 28.568 70.355 399.516
EBG2 2.117 9.628 5.684 13.622 28.343 69.806 396.418
EBG3 2.133 9.707 5.782 13.844 28.795 70.907 402.626
EBL1 3.008 12.095 10.569 24.709 50.968 124.953 707.768
EBL2 2997 12.046 10.481 24.511 50.567 123.979 702.280
EBL3 3.019 12.144 10.658 24.908 51.371 125.930 713.277

TABLE 3.12: Quantiles and estimate of A, 0 are obtained for fixed value of 6 = —0.1.

~

n A 0 Soos Goas  Goso  Sors &0.95 Sample
48 GELF 2498 3.139 1.735 4.848 10.753 27.420 158.731 13,52,6,40,10,7,

LINEX 2.699 6.182 4.148 10.684 22.769 56.783 324.659  66,10,10,14,16,4,
EBG1 2501 3.146 1.740 4.863 10.786 27.502 159.198  65,5,11,10,15,5,76,
EBG2 2511 3.157 1.753 4.898 10.863 27.695 160.311  56,88,24,51,4,40,8,
EBG3 2491 3.135 1.728 4.827 10.709 27.309 158.089  18,5,16,50,40,1,36,
EBL1 2702 6.195 4.164 10.721 22.845 56.967 325.702  5,10,91,18,1,18,6,
EBL2 2713 6.216 4.199 10.805 23.019 57.395 328.125 1,23,15,18,12,
EBL3 2.692 6.173 4.128 10.638 22.672 56.542 323.288  12,17,3

28 GELF 2.201 5432 2860 7.553 16.233 40.662 233.044  1,3,4,5,6,8,10,
LINEX 3.370 19.748 20.483 46.299 94.313 229.634 1295.705 10,11,12,12,15,
EBG1 2202 5435 2864 7.561 16.251 40.705 233.287 16,16,17,18,18,
EBG2 2219 5482 2917 7.689 16517 41359 237.000 18,23,24,40,
EBG3 2.186 5.389 2811 7.434 15987 40.056 229.605  40,51,52,56,
EBL1 3371 19.762 20.506 46.349 94.414 229.878 1297.075 65,66,76
EBL2 3.396 19.930 20.851 47.109 95.947 233.589 1317.951
EBL3 3.346 19.593 20.164 45.594 92.893 226.196 1276.366

Continued on next page
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Table 3.12 — Continued from previous page

A

n A 6 Eoos  &oas &0.50 &o.75 &0.95 Sample

24 GELF 2607 3.175 1.830 5.113 11.339 28905 167.298 1,1,4,5,7,10,10,
LINEX 2.933 6.654 4.958 12.596 26.720 66.476 379.591 10,12,12,13,
EBG1 2.609 3.180 1.834 5.124 11.361 28961 167.617 14,15,16,17,
EBG2 2.609 3.183 1.836 5.130 11.374 28.993 167.804  18,24,40,40,
EBG3 2.608 3.177 1.831 5.118 11.348 28.928 167.430  40,50,51,
EBL1 2935 6.665 4971 12.625 26.779 66.619 380.397 56,65
EBL2 2936 6.671 4979 12.642 26.813 66.703 380.866
EBL3 2934 6.659 4.964 12.609 26.745 66.536 379.928

19 GELF 2708 2967 1.789 4989 11.086 28.305 163987 1,1,4,5,8,10,
LINEX 3.061 5.747 4278 11.177 23.933 59.832 342.548 11,12,16,18,
EBG1 2.710 2967 1.791 4993 11.096 28.330 164.128  18,24,36,40,
EBG2 2.694 2949 1.771 4937 10972 28.017 162.328  40,51,52,
EBG3 2.726 2986 1.811 5.050 11.221 28.645 165940 56,65
EBL1 3.063 5.748 4.282 11.187 23.954 59.885 342.853
EBL2 3.046 5.712 4.223 11.046 23.663 59.168 338.787
EBL3 3.081 5.783 4.342 11.329 24.248 60.606 346.943

14 GELF 1916 7.331 3.668 9.157 19.312 47.905 273.105 1,4,5,8,10,10,
LINEX 3.391 34.354 37.163 82.321 166.354 403.218 2269.300 12,15,16,17,
EBG1 1917 7.334 3.670 9.163 19.325 47936 273.277 18,24,36,
EBG2 1918 7.338 3.676 9.175 19.351 47.999 273.639 40
EBG3 1915 7.329 3.665 9.150 19.299 47.872 272916
EBL1 3.392 34.366 37.187 82.373 166.460 403.473 2270.734
EBL2 3.394 34.388 37.238 82.483 166.681 404.008 2273.741
EBL3 3.380 34.344 37.137 82.263 166.238 402.938 2267.730

10 GELF 2261 10.173 6.484 15.437 32.045 78.830 447.361 1,3,6,10,10,
LINEX 4.958 57.511 92.676 203.184 408.862 988.624 5556.204 12,14,16,
EBG1 2.266 10.212 6.527 15.532 32238 79.298 449.999 18,18
EBG2 2.258 10.187 6.487 15.440 32.051 78.840 447.413
EBG3 2.274 10.236 6.568 15.625 32.427 79.758 452.593
EBL1 4968 57.733 93.231 204.390 411.280 994.457 5588.938
EBL2 4951 57.595 92.690 203.211 408.912 988.741 5556.842

Continued on next page
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Table 3.12 — Continued from previous page

A

n 2 6 Soos  So2s  oso  &ors &0.95 Sample
EBL3 4.984 57.871 93.774 205.573 413.654 1000.1885621.124
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