
Chapter 6

Statistical Inference of Shannon’s Entropy
from Maxwell Lifetime Model using
Progressively First Failure Censored Data

6.1 Introduction

In this chapter, we consider a problem from information theory and proposed to developed sta-
tistical inference of Shannon’s entropy for the Maxwell lifetime model based on PFFC data.
The construction and application of the PFFCS have already been explored in depth in Chap-
ter 5. Information theory provides a simple approach for measuring the uncertainty and re-
ciprocal information of random variables as entropy measures. The applications of entropy
are described in a variety of fields, including computer science, molecular biology, hydrology,
meteorology, and others. For example, in the study of trends in gene sequences, molecular bi-
ologists use the principle of Shannon’s entropy. For more details, one may refer Cover (1999),
which contains an excellent monograph on the information theory and implications of the con-
cept of entropy in various disciplines. Shannon’s entropy is the most widely used entropy in
statistical and information theory, and it was introduced by Shannon (1948). Let X be a random
variable with pdf f (.), the Shannon’s entropy of X is expressed as follow

H( f ) = E [− ln f (X)] =−
∞∫

−∞

f (x) ln ( f (x)) dx. (6.1)

Recently, some attempts have been made by many scholars in parametric statistical inferences
to measure the entropy for different lifetime models based on complete as well as censored
data. For example, entropy for several shifted exponential populations is studied by Kayal and
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Kumar (2013), Cho et al. (2014) discussed entropy for Rayleigh lifetime model under doubly
generalized Type-II hybrid censoring scheme, based on generalized progressive hybrid censor-
ing Liu and Gui (2019) estimated entropy, Du et al. (2018) established a statistical inference of
information entropy for the log-logistic lifetime model based on progressively Type-I interval
censored data, Yu et al. (2019) studied Shannon’s entropy for the inverse Weibull lifetime model
using PFFC data, Rajesh and Sunoj (2021) discussed Shannon’s entropy based on length-bias
and Type-I censoring, Hassan and Zaky (2021) developed Bayes estimate of entropy for the
Lomax lifetime model based on record data, Shakhatreh et al. (2021) discussed differential
entropy for the Weibull lifetime model in the case of objective Bayesian, and references were
cited therein. The main objective of this chapter is to develop classical and Bayesian infer-
ences for the associated parameter and Shannon’s entropy of the Maxwell lifetime model using
PFFC data. The Maxwell-Boltzmann distribution was first proposed by James Clerk Maxwell
and Ludwig Boltzmann in late 1800 as a distribution of velocities in a gas at a given temper-
ature, for more details, see, Bekker and Roux (2005). The Maxwell-Boltzmann distribution,
popularly known as the Maxwell (MW) lifetime model, is widely used in the fields of chem-
istry and physics for a variety of purposes. Many basic properties of gases, such as pressure
and diffusion, are explained by the MW lifetime model. The MW lifetime model has recently
gained popularity as a well-known lifetime model in the literature. This lifetime model has
been widely investigated by various researchers for modelling several lifetime data scenarios.
For example, Krishna and Malik (2009) studied the MW lifetime model under Type-II censored
data, Krishna and Malik (2012) discussed the MW lifetime model under progressive censoring,
Krishna et al. (2015) discussed the MW lifetime model under randomly censored data, Tomer
and Panwar (2015) established estimation procedures for the MW lifetime model using Type-I
progressive hybrid censoring, and Bayesian analysis for MW lifetime model is discussed by
Panwar and Tomer (2019), etc. The remainder of this chapter is as follows: Section 6.2 deals
with the model description. Classical estimation methods such as ML, ACIs, and bootstrap CIs
methods are developed in Section 6.3. Section 6.4, devoted to Bayesian estimation methods
using TK approximation and MCMC techniques. Extensive numerical simulations are done in
Section 6.5 to demonstrate the influence of numerous estimators created in this chapter. The
application of the considered methodology is examined by a real data analysis in Section 6.6.
Finally, in Section 6.7, there are some concluding remarks.
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6.2 The Model

Let X be random variable following MW lifetime model with parameter λ i.e. X ∼ MW(λ ),
the pdf, cdf and failure rate (or hazard) function, respectively, are given by

f (x;λ ) =
4√
π

1
λ 3/2 x2e−

x2
λ ; 0 < x < ∞,λ > 0, (6.2)

F(x;λ ) = Γ

(
x2

λ
,
3
2

)
; 0 ≤ x < ∞,λ > 0, (6.3)

and, h(x) =
4√

πλ 3/2
x2e−x2λ

[1−Γ(x2/λ ,3/2)]
; x > 0, λ > 0. (6.4)

where, Γ(t,b) = 1
Γ(b)

∞∫
0

e−xxb−1dx is the incomplete gamma ratio. The failure rate of the MW is

increasing, see Krishna and Malik (2012). Now using equations (6.2) and (6.1), the Shannon’s
entropy is given by

H( f ) = E [− ln f (x)] =−
∞∫

0

f (x) ln f (x)dx

=−
∞∫

0

f (x)
{

ln4− 1
2

lnπ − 3
2

lnλ +2lnx− x2

λ

}
dx

=−A
∞∫

0

f (x)dx−2
∞∫

0

lnx f (x)dx+
1
λ

∞∫
0

x2 f (x)dx

=−A− 8√
π

1
λ 3/2

∞∫
0

x2 lnxe−x2/λ dx+
4√
π

1
λ 5/2

∞∫
0

x4e−x2/λ dx

H( f ) =
1
2

lnλ + γ +
1
2

lnπ − 1
2
≃ H(λ ) (say), (6.5)

where, A = ln4− 1
2 lnπ − 3

2 lnλ ,
∞∫
0

f (x)dx = 1, and γ is a Euler–Mascheroni constant.

6.3 Classical Estimation

In this part, we use the expectation-maximization (EM) approach to create ML estimates of the
related parameter λ and entropy H(λ ). Based on ML estimates we constructed ACIs of λ and
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H(λ ). Also, we construct the bootstrap CIs for λ and H(λ ).

6.3.1 Maximum Likelihood Estimation

Let x j:m:n:k; j = 1,2, . . .m be the PFFC sample drown from MW(λ ), with presumed censoring
plans

˜
G and the number of groups n, each group having k individuals with effective sample size

m. Then, the likelihood function using equations (6.2), (6.3) and (5.1) is given by

L(
˜
x;λ ) = Akm

(
4√
π

)m

λ
− 3m

2 exp

{
− 1

λ

m

∑
j=1

x2
j

}
m

∏
j=1

x2
j

[
1−Γ

(
x2

j

λ
,
3
2

)]k(G j+1)−1

, (6.6)

where, A = n(n−G1 −1)(n−G1 −G2 −2) . . .(n−G1 −G2 −·· ·−Gm−1 −m+1).

To begin, assume that the observed and censored data are represented by
˜
X =(x1:m:n:k,x2:m:n:k, . . . ,xm:m:n:k),

and
˜
Z =

(
z11, . . . ,z1[k(G1+1)−1], . . . ,zm1, . . . ,zm[k(Gm+1)−1]

)
, respectively. The combined forms

of complete sample is given by
˜
Y = (

˜
X ,

˜
Z). After ignoring the additive constant, we have

log-likelihood function

Lc(˜
Y ;λ ) =−3nk

2
lnλ − 1

λ

m

∑
i=1

x2
i −

1
λ

k(Gi+1)−1

∑
j=1

Z2
i j. (6.7)

We must compute the pseudo log-likelihood function for the E-step. It can be calculated from
complete sample by replacing any Zi j function, such as η(Zi j), with E

[
η(Zi j|Zi j > xi)

]
. As a

result, the pseudo log-likelihood function is given as follows

Lc(˜
Y ;λ ) =−3nk

2
ln λ − 1

λ

m

∑
i=1

x2
i −

1
λ

k(Gi+1)−1

∑
j=1

E
[
Z2

ik|Zi j>wi

]
. (6.8)

For given Xi = x, the conditional distribution of Zi j, follows a truncated MW lifetime model
with left truncation at xi. That is,

f (Zi j|xi,λ ) =
f (Zi j,λ )

1−F(xi,λ )
; Zi j > xi i = 1,2, . . . ,m and j = 1,2, . . . , [k(Gi +1)−1].

(6.9)

The conditional expectation in (6.9) can be defined in the following way:

A(c,λ ) = E
[

Z2
i j|Zi j > c

]
=

3λ

2[1−F(xi,λ )]

[
1−Γ

(
c2

λ
,
3
2

)]
. (6.10)
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The M-step now implies trying to maximize of the pseudo log-likelihood function, with the
appropriate value of (6.8) being replaced. If the rth stage estimate of λ is λ (r), the (r+ 1)th

stage estimate λ (r+1) can be estimated by maximizing the following equation

L∗
c( ˜

W ;λ ) =−3nk
2

ln λ − 1
λ

m

∑
i=1

[k(Gi +1)−1] A(xi,λ
(r)). (6.11)

The following equations are used to compute λ (r+1):

h(λ ) = λ , (6.12)

where, h(λ ) =
2
[
∑

m
i=1 x j +∑

m
i=1[k(Gi +1)−1]A(xi,λ

(r))
]

3nk
. (6.13)

Then, in the next iteration, λ (r+1) is utilized as the new true value of λ . The ML estimate of
λ is computed by replacing the E-step and M-step until convergence, given the starting value
λ (0) of unknown parameter. Using the invariance features of ML estimates, the ML estimate
of entropy H(λ ) is computed by simply plugin λ̂ in (6.5. Thus the ML estimate of entropy is
given by

Ĥ(λ̂ ) =
1
2

ln λ̂ + γ +
1
2

lnπ − 1
2
.

6.3.2 Asymptotic Confidence Interval

The EM approach can be used to calculate the asymptotic variance-covariance (VC) matrix for
ML estimates, see Louis (1982). For this purpose, the following concepts are used as follows:

Observe information = Complete information − Missing infomation (6.14)

Now, let us define
˜
X be observed data,

˜
Y be complete data and IX be the corresponding ob-

served information, IY be the corresponding complete information, and IY |X(λ ) be the missing
information. Then, the equation (6.14) can be expressed as follows:

IX(λ ) = IY (λ )− IY |X(λ ). (6.15)

The complete information IY is given by

IY (λ ) =−E
[

∂ 2Lc(Y ;λ )

∂λ 2

]
=

3nk
2λ 2 . (6.16)
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The Fisher information in one observation is supplied by xi, which is censored at the moment
of the ith failure.

Ii
Y |X(λ ) =−EZi|xi

[
∂ 2 ln f (Zi j|xi,λ )

∂λ 2

]
=−3

2
1
λ
+ψ

′(λ )+
3

λ 2[1−F(xi,λ )]

[
1−Γ

(
x2

i
λ
,
5
2

)]
.

Therefore, the expected information for the conditional distribution of Y |X (i.e. the missing
information) is

IY |X(λ ) =
m

∑
i=1

[k(Gi +1)−1]IY |X(λ ). (6.17)

We now obtain the observed information matrix IX(λ ) by substituting equations (6.16) and
(6.17) in equation (6.14). Thus, I−1

X (λ ) =
[
IY (λ )− IY |X(λ )

]−1 can be used to derive the
VC matrix of parameter λ . Thus, an approximate (1 − α)100% CIs for λ is obtained as

λ̂ ± zα/2

√
Var(λ̂ ), here, zα/2 is the upper (α/2)th percentile of N(0,1). Also, the coverage

probability (CP) for λ is given by

CPλ =

∣∣∣∣ λ̂ −λ√
V̂ar(λ̂ )

∣∣∣∣≤ zα/2

 .
The delta approach is now used to construct the ACI of entropy H(λ ). Assuming λ̂ is the ML
estimate of unknown parameter λ , the asymptotic variance of Ĥ using the delta technique is
given by (Krishnamoorthy and Lin, 2010).

Var(H) = [b′CI−1
X (λ )bC],

here, bC = ∂H(λ )
∂λ

= 1
2λ

.

Under moderate regularity criteria, the OFI matrix is used as a consistent estimator of the Fisher
information. As a result, the observed variance of Ĥ is equal to

V̂ar(Ĥ)≃ [b′CI−1
X (λ )bC]λ=λ̂

.

Thus Ĥ−H√
V̂ar(Ĥ)

∼ N(0,1). Therefore, (1−α)100% ACI of H is given by Ĥ ± zα/2

√
V̂ar(Ĥ).

Also, the coverage probability (CP) of H is given by

CPH =

∣∣∣∣ Ĥ −H√
V̂ar(Ĥ)

∣∣∣∣≤ zα/2

 .
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6.3.3 Bootstrap Confidence Intervals

Using the similar concept as in (5.3.2 ), we construct the boot-p and boot-t CIs of associated
parameter λ and entropy H(λ ) of MW lifetime model. Let X1,X2, . . . ,Xm be a PFFC samples
of effective sample size m drawn from MW(λ ). Then the bootstrap procedures and algorithms
will be same as we have already been discussed in subsection (5.3.2).

6.3.3.1 Boot-p Confidence Intervals

Let λ̂( j) and Ĥ( j); j = 1,2, . . . ,B denotes the ordered values of boot-p samples λ̂ j and Ĥ j,
respectively. Thus, (1−α)100% boot-p CIs of λ and H, respectively, are given by(

λ̂
∗
[(α/2)B], λ̂

∗
[(1−α/2)B]

)
and

(
Ĥ∗
[(α/2)B], Ĥ

∗
[(1−α/2)B]

)
,

where, [a] is the integral part of a.

6.3.3.2 Boot-t Confidence Intervals

Let
(

τ∗1(1) ≤ τ1(2) ≤ ·· · ≤ τ1(B)

)
and

(
τ∗1(1) ≤ τ1(2) ≤ ·· · ≤ τ1(B)

)
denotes the ordered values

of boot-t samples τ∗i( j) for j = 1,2, . . . ,B, i = 1,2, respectively. Thus, (1−α)100% boot-t CIs
for λ and H(λ ), respectively, are given by(

λ̂ − τ1[(1−α/2)B]

√
I−1
X (λ̂ ), λ̂ − τ1[(α/2)B]

√
I−1
X (λ̂ )

)
,

(
Ĥ − τ2[(1−α/2)B]

√
I−1
X (Ĥ), Ĥ − τ2[(α/2)B]

√
I−1
X (Ĥ)

)
.

6.4 Bayesian Estimation

In this section, we derive Bayes estimators and HPD credible intervals for the parameter λ and
entropy H(λ ) using the LINEX loss function. The Bayesian approach to reliability inference
necessitates the inclusion of experimental data, as well as prior belief in the parameters and
technical knowledge of failure mechanisms, in the inferential methods. As a result, Bayesian
methods are frequently used to small sample data, which is especially useful in the case of
costly life testing studies. The inverted gamma distribution is a common natural conjugate prior
density for the parameter λ of the MW lifetime model in Bayesian estimation, see (Bekker
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and Roux, 2005), (Chaudhary et al., 2017). Therefore, we consider the prior distribution of
unknown parameter λ assumes to follow an inverted gamma distribution with the following
pdf:

g(λ ) ∝
1

λ a+1 exp(−b/λ ); λ > 0,a,b > 0, (6.18)

a and b are hyper-parameters, respectively. The joint posterior distribution of λ is provided by
employing the likelihood function in (6.6) and the prior distribution in (6.18).

π(λ |
˜
X) = η

1

λ
3m
2 +a+1

exp

[
− 1

λ

(
m

∑
i=1

x2
i +b

)]
m

∏
i=1

[
1−Γ

(
x2

i
λ
,
3
2

)]k(Gi+1)−1

, (6.19)

where, η−1 is the normalizing constant and is given by

η
−1 =

∞∫
0

1

λ
3m
2 +a+1

exp

[
− 1

λ

(
m

∑
i=1

x2
i +b

)]
m

∏
i=1

[
1−Γ

(
x2

i
λ
,
3
2

)]k(Gi+1)−1

dλ .

We have already defined the LINEX loss function in Chapter 2. For convenience, we again
define the LINEX loss function as follows:

L(∆) = ec∆ − c∆−1; c ̸= 0, ∆ = λ̂ −λ , (6.20)

where c is the LINEX loss parameter. Under this loss function, the Bayes estimator of any
function of the parameter λ , say φ(λ ), is given by

E [φ(λ )] =−1
c

ln


∞∫
0

e−cφ(λ )π(λ |
˜
X)dλ

∞∫
0

π(λ |
˜
X)dλ

 . (6.21)

As seen in the preceding equation (6.21), the Bayes estimators are in the form of a ratio of two
integrals for which there is no closed form solution. It is feasible to get a numerical solution for
the aforementioned integral ratio. We propose utilizing two approximation approaches to solve
the aforementioned ratio of integrals: the TK and MCMC methods.
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6.4.1 TK Approximation Method

According to TK approximation’s method proposed by Tierney and Kadane (1986), the approx-
imation of the posterior mean of φ(λ ) is given by

E [φ(λ )|
˜
X ] =

∞∫
0

enδ ∗
φ
(λ )dλ

∞∫
0

enδ (λ )dλ

≃

(
|Σ∗

φ
|

|Σ|

) 1
2

en[δ ∗
φ
(λ̂ ∗

φ
)−δ (λ̂φ )] (6.22)

where, δ (λ ) = 1
n [l(λ )+ρ(λ )], and δ ∗(λ ) = δ (λ )+ 1

n lnφ(λ ), here, l(λ ) is the log-likelihood
function and ρ(λ ) = lng(λ ). Also, |Σ∗

φ
| and |Σ| are the determinants of inverse of the negative

hessian of δ ∗(λ ) and δ (λ ) at λ̂δ ∗ and λ̂δ , respectively. Also, λ̂δ and λ̂δ ∗ maximize δ (λ ) and
δ ∗(λ ), respectively. Next, we observe that

δ (λ ) =
1
n

[
−
(

3m
2

+a+1
)

lnλ − 1
λ

(
m

∑
i=1

x2
i +b

)
+2

m

∑
i=1

lnxi+

m

∑
i=1

[k(Gi +1)−1] ln
(

1−Γ

(
x2

i
λ
,
3
2

))]

Then, by solving the following non-linear equation, λ̂δ is computed:

∂δ (λ )

∂λ
=

1
n

[
−
(

3m
2

+a+1
)

1
λ
+

1
λ 2

(
m

∑
i=1

x2
i +b

)
+

m

∑
i=1

[k(Gi +1)−1]ψ(λ )

]
,

where

ψ(λ ) =
∂ ln

[
1−Γ

(
x2

i
λ
, 3

2

)]
∂λ

=− 3

2λ

[
1−Γ

(
x2

i
λ
, 3

2

)] {3
2

Γ

(
x2

i
λ
,
5
2

)
−Γ

(
x2

i
λ
,
3
2

)}
.

Now, obtain |Σ| from Σ−1 = 1
n

(
−∂ 2δ (λ )

∂λ 2

)
,

Σ
−1 =−1

n

[(
3m
2

+a+1
)

1
λ 2 −

2
λ 3

(
m

∑
i=1

x2
i +b

)
+

m

∑
i=1

[k(Gi +1)−1]ψ ′(λ )

]
,

where,

ψ
′(λ ) =

∂ψ(λ )

∂λ
=− 3

2λ 2

{[{
1−Γ

(
x2

i /λ ,3/2
)}

Q1 +Q2
]

{1−Γ(xi/λ ,3/2)}

}
,
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where,

Q1 =
5
2
[
Γ
(
x2

i /λ ,7/2
)
−2Γ

(
x2

i /λ ,5/2
)
+Γ

(
x2

i /λ ,3/2
)]

and
Q2 =

3
2
[
Γ
(
x2

i /λ ,5/2
)
−Γ

(
x2

i /λ ,3/2
)]
.

We use φ(λ ) = e−cλ to compute the Bayes estimator of λ under the LINEX loss function, and
the function δ ∗ (λ ) becomes

δ
∗(λ ) = δ (λ )− cλ

n
.

Then, by solving the following non-linear equation, λ̂ ∗
δ ∗ is obtained:

∂δ ∗(λ )

∂λ
=

∂δ (λ )

∂λ
− c

n
= 0, and obtain |Σ∗| from Σ

∗−1
λ

=−1
n

(
∂ 2δ ∗(λ )

∂λ 2

)
.

Under the LINEX loss function, the approximate Bayes estimator of λ is given by

λ̂T K =−1
c

ln

[( |Σ∗
λ
|

|Σ|

) 1
2

exp
{

n
[
δ
∗
λ
(λ̂ ∗

δ
)−δ (λ̂δ )

]}]
.

Similarly, the Bayes estimator of entropy H(λ ) is given by

ĤT K =−1
c

ln

[(
|Σ∗

H |
|Σ|

) 1
2

exp
{

n
[
δ
∗
H(Ĥ

∗
δ
)−δ (Ĥδ )

]}]
.

6.4.2 MCMC Method

Here, the Bayes estimates of parameter and entropy are computed using the MCMC technique
followed by M-H algorithm. We create a candidate points from a normal distribution to gen-
erate a sequence of sample from the posterior distribution of λ using data

˜
X in (6.19). For the

purpose of computation, the following steps are used:

Step 1: Begin with guess value λ (0) for λ .

Step 2: Create a candidate point λ
( j)
c from the proposal density η(λ ( j)|λ ( j−1)).

Step 3: Create u from uniform (0,1).

Step 4: Compute α(λ
( j)
c |λ ( j−1)) = min

{
π

(
λ
( j)
c |

˜
w
)

η

(
λ ( j−1)|λ ( j)

c

)
π(λ ( j−1)|

˜
w)η

(
λ
( j)
c |λ ( j−1)

) ,1
}

.

Step 5: If u ≤ α set λ ( j) = λ
( j)
c with acceptance probability α otherwise λ ( j) = λ ( j−1).

Step 6: Compute H( j) = H(λ ( j)) using (6.1).
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Step 7: For j = 1,2, . . . ,M, repeat steps 2-6 to get the sequence of the parameter λ as (λ1,λ2, . . . ,λM)

and the entropy H as (H1,H2, . . . ,HM), respectively.

To get an independent sample from the stationary distribution of the Markov chain, which is
typically the posterior distribution, we discard first λ ′

js and H ′
js, where, M0; j = 1,2, . . . ,M0 is

the burn-in-period. Therefore, the Bayes estimators of the parameter λ and entropy H(λ ) under
the LINEX loss function, respectively, are given by

λ̂MH =−1
c

ln

[
1

M−M0

M

∑
j=M0+1

e−cλ j

]
,

ĤMH =−1
c

ln

[
1

M−M0

M

∑
j=M0+1

e−cH(λ j)

]
.

6.4.3 HPD Credible Interval Estimation

Using the generated MCMC samples based on the M-H algorithm, we now construct the HPD
credible intervals for the parameter λ and entropy H(λ ). Let λ(1) < λ(2) < · · ·< λ(M) represent
the ordered values of λ1,λ2, . . . ,λM. Then (1−α)100%, 0 < α < 1, HPD credible interval
for λ is given by

(
λ( j),λ( j+[(1−α)M])

)
, where j is chosen such that

λ j+[(1−α)M]−λ( j) = min
1≤i≤αM

(
λ(i+[(1−α)M])−λ(i)

)
; j = 1,2, . . . ,M.

Similarly, HPD credible interval for H(λ ) is computed as
(
H( j),H( j+[(1−α)M])

)
, where j is

chosen such that

H j+[(1−α)M]−H( j) = min
1≤i≤αM

(
H(i+[(1−α)M])−H(i)

)
; j = 1,2, . . . ,M.

6.5 Numerical Computations

In this section, we perform an extensive numerical computation in terms of an MC simulation
to understand the impact of distinct estimators created in the previous sections. The impact
of different estimators are evaluated by their average estimates (AE) and mean squared errors
(MSE). The AE and MSEs of ML and Bayes estimators of the parameter and entropy are used in
the MC simulation to determine the influence of different estimators established in the previous
sections. The Bayes estimators of parameter and entropy are computed in the case of non-
informative prior (Prior 0) and informative inverted gamma prior (Prior 1) under the LINEX
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loss function. Also, we obtain average lengths (AL) of 95% ACIs, bootstrap CIs, and HPD
credible intervals with their corresponding coverage probabilities (CP). To obtain bootstrap
CIs of the parameter λ and entropy H(λ ), we generate B = 1000 bootstrap samples for the
prescribed sample under consideration.

For the simulation purpose, the PFFC samples are generated with several combinations of
(k,n,m,

˜
G) for distinct values of associated parameter λ from MW(λ ). To generate PFFC

samples, we use the algorithm proposed by Balakrishnan and Sandhu (1995), with the addi-
tion that the PFFC sample x1,x2, ...,xm can be viewed as a progressively censored sample from
a population with cdf

[
1− (1−F(x))k], see Wu and Kuş (2009). Here, we considered two

sets of parameter values θ = 0.75 and θ = 1.5, for which the corresponding entropy becomes
0.5057 and 0.8523, respectively. We consider group sizes k = 3,5, number of groups n = 20,50
with effective sample sizes m = 40,80% of n. For each n, we adopt three different censoring
plans

˜
G and these plans are common for each n. The different common failure plans

˜
G for each

effective sample m are as follows:

Plan 1: If [(k,n,m),(G1 = n−m,G j = 0, ∀ j = 2,3, . . .m)], in this case (n−m) groups are
discarded from the experiment at the first failure only,

Plan 2: If [(k,n,m),(G j = 0, ∀ j = 1,2, . . . ,m−1,Gm = n−m)], in this case (n−m) groups
are discarded at mth failure, and

Plan 3: If [(k,n=m),G j = 0, ∀ j = 1,2, . . . ,m] this is the case of first failure censored sample.

The simplified notations are used for different combinations of censoring plans ([CS]) which
are summaries in the Table 6.1. Note: the notation used in censoring schemes like (0 ∗ 7) de-
notes (0,0,0,0,0,0,0) and (4 ∗ 3) stands for (4,4,4). For Bayesian calculations of parameter

TABLE 6.1: Several combinations of censoring plans.

n m [CS] Schemes n m [CS] Schemes
20 8 [1] (12*1,0*7) 50 20 [7] (30*1,0*19)

[2] (4*3,0*5) [8] (5*6,0*14)
[3] (0*7,12*1) [9] (0*19,30*1)

20 16 [4] (4*1,0*15) 50 40 [10] (10*1,0*39)
[5] (2*2,0*14) [11] (5*2,0*38)
[6] (0*15,4*1) [12] (0*39,10*1)

and entropy, the hyper-parameters (a,b) are chosen in such a way that the prior mean is ex-
actly equal to the true values of the parameter, i.e. λ = a

b . Here, we consider (a,b) = (3,4)
and (3,2) for θ = 0.75 and 1.5, respectively. In case of Prior 0, hyper-parameters are taken
as (a,b) = (0.0001,0.0001). In order to derive Bayes estimators under LINEX loss function,
we consider two choice of loss function parameter as c = (−0.5 and 0.5). Two approximation
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techniques such as TK approximation and M-H algorithm are used for Bayesian computations.
For M-H algorithm, we generate M = 10,000 samples and M0 = 20% of M is considered as
burn-in period. All the simulated results for several combinations of censoring plans are sum-
marizes in the following Tables 6.2, 6.3, 6.4, 6.5, 6.6, 6.7. These findings lead to the following
conclusions:

In view of Tables 6.2, 6.3, 6.5, 6.6, this experiment has brought up some interesting observa-
tions. In almost all cases, the ML and Bayes estimates output of parameter and entropy in terms
of MSEs are very adequate even for small sample sizes. MSEs are found to decrease as n or m

rise. It checks the consistent behavior of the estimators. Also, the performance of Bayes esti-
mators with Prior 1 is better than ML estimators even with Prior 0 in terms of MSEs, as Bayes
estimators with Prior 1 includes some prior information. Also, Bayes estimators computed
using M–H algorithm outperform the TK approximation procedure.

With the reference of Tables 6.4 and 6.7, the average lengths (AL) of ACIs, boot-p, boot-t CIs,
and HPD credible intervals are shrinking with an increase in the number of failures m. It is also
observed that the HPD credible intervals with Prior 1 have the smallest ALs as compared to
others. It is also fair to say that all four intervals have reasonable coverage probabilities. Also,
it is seen that the ALs of boot-p confidence intervals outperform as it has smaller ALs to ACI
and boot-t both.
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6.6 Real Data Application

A real data analysis is done in this portion to demonstrate the feasibility of the considered MW
lifetime model and methodology used in this chapter. Here, we consider the tensile strength (in
GPa) of 100 observations of carbon fibers, which are as follows:

3.70, 3.11, 4.42, 3.28, 3.75, 2.96 ,3.39, 3.31, 3.15, 2.81, 1.41, 2.76, 3.19, 1.59, 2.17, 3.51, 1.84,
1.61, 1.57, 1.89, 2.74, 3.27 ,2.41, 3.09, 2.43, 2.53, 2.81, 3.31, 2.35, 2.77, 2.68, 4.91, 1.57, 2.00,
1.17, 2.17, 0.39, 2.79 ,1.08, 2.88, 2.73, 2.87, 3.19, 1.87, 2.95, 2.67, 4.20, 2.85, 2.55, 2.17, 2.97,
3.68, 0.81, 1.22 ,5.08, 1.69, 3.68, 4.70, 2.03, 2.82, 2.50, 1.47, 3.22, 3.15, 2.97, 2.93, 3.33, 2.56,
2.59, 2.83 ,1.36, 1.84, 5.56, 1.12, 2.48, 1.25, 2.48, 2.03, 1.61, 2.05, 3.60, 3.11, 1.69, 4.90, 3.39,
3.22 ,2.55, 3.56, 2.38, 1.92, 0.98, 1.59, 1.73, 1.71, 1.18, 4.38, 0.85, 1.80, 2.12, 3.65.

Originally this set was reported by Nichols and Padgett (2006) and further studied by Mo-
hammed et al. (2017) and Xie and Gui (2020), respectively. To begin, we use the scaled TTT
transform to examine the behaviour of the failure rate function of the considered data set. The
scaled TTT is calculated as follows:

ψ(r/n) =

[
r

∑
j=1

t(i)+(n− r)tr

]/(
r

∑
j=1

t(i)

)
,

where, t(i), i= 1,2, . . . ,n denotes the ith order statistic and r = 1,2, . . . ,n. If the plot (r/n,ψ(r/n))

is convex (concave), the failure rate function has a decreasing (increasing) shape. For more de-
tails one may refer Mudholkar et al. (1996). The scaled TTT plot of the considered data set is
displayed in Figure 6.1. From Figure 6.1, it is clear that the considered data set follows increas-
ing failure rate function. This empirical behavior of failure rate function is quite similar to the
considered MW lifetime model.

Further, we check whether the considered data set is well fitted to the MW lifetime model or not
using some goodness-of-fit tests. Here, we consider Kolmogrov-Smirnov (KS) and Anderson-
Darling (AD) tests statistics along with their corresponding p-values. The KS and AD statistics
with their corresponding p-values (in parenthesis) are 0.0884 (0.4145) and 0.7977 (0.4824),
respectively. According to the obtained p-values, the considered model is fitted quite well for
the considered real data set. Also, to see the feasibility of fitting graphically for the considered
real data set, we plot empirical & fitted cdfs and probability-probability (P-P) plots of consid-
ered MW lifetime model and displayed in Figure 6.2. Figure 6.2, also suggests the considered
model is well fitted with the considered real data set.

Moreover, to illustrate the methodologies adopted throughout the study, we can consider the
PFFC data. After dividing the above-mentioned complete data set of sample size 100 into
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FIGURE 6.1: TTT plots under consideration of real data set.

n = 25 groups, each with k = 4 items, the FFC sample has been collected. The grouped data
and the corresponding FFC samples are reported in Table 6.8. The items with “+” within
each group indicate the first failure. Next, we generate six PFFC samples using 6 different
combinations of censoring plans for the obtained first failure censored data in Table 6.8, with
m=(40 & 80) % of n. The several censoring plans and the corresponding PFFC samples are
presented in Table 6.9. We construct the ML and Bayes estimates of λ and H(λ ) for all cen-
soring plans. We utilise non-informative priors to construct Bayes estimators since we don’t
have prior knowledge. Under the LINEX loss function, the Bayes estimators are calculated
using TK approximation and MCMC techniques at two distinct values of the loss parameter c=
(-0.5 & 0.5). For parameter λ and entropy H(λ ), we also build 95% ACI, boot-p, boot-t CIs,
and HPD credible intervals. ML and Bayes estimates of the parameter and entropy are shown
in Table 6.10. Also, various interval estimates of parameter and entropy are reported in Table
6.11 and 6.12, respectively. We use graphical diagnostic tools such as the trace map, boxplot,
and histogram with Gaussian density plots to confirm the convergence of their stationary dis-
tributions, as illustrated in Figure 6.3. A random dispersion around the mean (shown by a thick
red line) and a fine variety of parameter sequences can be seen in the trace plot. As shown by
the boxplots and histograms of created samples, the posterior distribution is almost symmetric,
meaning that the mean may be chosen as the best estimate of the parameter.
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TABLE 6.8: Grouped real data set (Observation with “+ ” indicates the first failure (FF) in the
group).

Groups → 1 2 3 4 5 6 7 8 9 10 11 12 13
Items↓

I 3.27 2.05 3.33 1.87 2.03 3.68 2.87 2.67+ 1.84 1.73 2.82 2.77 2.73
II 2.97 1.61 4.38 2.97 2.12 2.68 1.59+ 2.96 0.39+ 3.19 2.41+ 2.17 2.88
III 3.11 3.11 1.69 1.57+ 0.85+ 4.90 1.89 3.09 2.17 1.57+ 3.60 3.51 3.75
IV 2.03+ 1.25+ 1.18+ 1.59 1.84 2.38+ 2.43 4.20 2.35 2.93 3.22 1.08+ 1.69+

FF Obs. 2.03 1.25 1.18 1.57 0.85 2.38 1.59 2.67 0.39 1.57 2.41 1.08 1.69

Ordered FF obs. 0.39 0.81 0.85 0.98 1.08 1.12 1.18 1.22 1.25 1.36 1.41 1.47 1.57

Groups→ 14 15 16 17 18 19 20 21 22 23 24 25
Items↓

I 5.56 2.81 2.55 4.70 1.36+ 3.22 1.61 3.15 4.91 3.31 2.76 0.98+
II 1.41+ 3.39 2.17 2.59 2.83 1.71+ 2.85 4.42 1.17 1.92 5.08 3.39
III 2.48 3.68 3.56 3.19 2.74 3.65 1.47+ 2.00+ 1.12+ 1.80+ 3.28 2.50
IV 2.95 0.81+ 1.22+ 2.56+ 2.53 3.15 2.79 2.81 3.70 2.55 2.48+ 3.31

FF Obs. 1.41 0.81 1.22 2.56 1.36 1.71 1.47 2.00 1.12 1.80 2.48 0.98

Ordered FF obs. 1.57 1.59 1.69 1.71 1.80 2.00 2.03 2.38 2.41 2.48 2.56 2.67

TABLE 6.9: Censoring schemes and progressively first failure censored samples corresponding
to considered real data set.

k [CS] Schemes Progressively first failure censored samples

4 [1] (15,0*9) 0.39 ,1.80 ,1.84 ,2.03 ,2.12 ,2.17, 2.48, 2.50, 2.73 ,2.77
[2] (5*3,0*7) 0.39 ,1.18, 1.57, 2.03, 2.12, 2.17, 2.48, 2.50, 2.73, 2.77
[3] (0*9,15) 0.39, 0.81, 0.85, 0.98, 1.08, 1.12, 1.18, 1.22, 1.25, 1.36

4 [4] (5,0*19) 0.39, 1.18, 1.22, 1.25, 1.36, 1.41, 1.47, 1.57, 1.59, 1.61,
1.69 ,1.80, 1.84, 2.03, 2.12, 2.17, 2.48, 2.50, 2.73, 2.77

[5] (2,3,0*18) 0.39, 0.98, 1.22, 1.25, 1.36, 1.41, 1.47, 1.57, 1.59, 1.61,
1.69, 1.80, 1.84, 2.03, 2.12, 2.17, 2.48, 2.50, 2.73, 2.77

[6] (0*19,5) 0.39, 0.81, 0.85, 0.98, 1.08, 1.12, 1.18, 1.22, 1.25, 1.36,
1.41, 1.47, 1.57, 1.59, 1.61, 1.69, 1.80, 1.84, 2.03, 2.12

TABLE 6.10: ML and Bayes estimates of λ and H(λ ) under consideration of real data set for
k = 4,n = 25, m=(40 & 80)% of n and c=(-0.5 & 0.5).

k [CS]

MLE

TK Bayes M-H Bayes

c =−0.5 c = 0.5 c =−0.5 c = 0.5

λ̂ Ĥ λ̂ H λ̂ Ĥ λ̂ Ĥ λ̂ λ̂

4 [1] 9.2897 1.7640 13.4153 1.7800 8.7078 1.7714 9.6163 1.7467 8.5906 1.7436
[2] 10.6695 1.8333 11.5620 1.8493 9.9031 1.8411 11.1367 1.8167 9.8262 1.8137
[3] 5.6674 1.5169 6.5958 1.5330 5.5463 1.5304 5.7261 1.5016 5.3784 1.4988

4 [4] 6.6806 1.5992 7.2764 1.6083 6.5572 1.6046 6.7445 1.5903 6.4575 1.5887
[5] 6.7637 1.6054 7.3707 1.6145 6.6362 1.6107 6.8301 1.5965 6.5371 1.5949
[6] 5.7635 1.5254 6.2046 1.5344 5.6944 1.5308 5.8011 1.5169 5.5937 1.5153
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FIGURE 6.2: Empirical and fitted Maxwell distribution plots for real data.

TABLE 6.11: The 95% ACI, boot-p, boot-t confidence/HPD credible intervals of parameter λ ,
under consideration of real data set for k = 4,n = 25 m=(40 & 80)% of n and c=(-0.5 & 0.5).

k [CS] ACI
Bootstrap HPD credible intercals

boot-p boot-t c=-0.5 c=0.5

4 [1] (4.973, 13.606) (6.636, 12.366) (6.213, 11.944) (6.357, 11.872) (6.357, 11.872)
[2] (5.804, 15.535) (7.816, 13.602) (7.736, 13.523) (7.365, 13.587) (7.365, 13.587)
[3] (3.157, 8.178) (3.880, 8.365) (2.970, 7.454) (3.967, 7.187) (3.967, 7.187)
[4] (4.478, 8.883) (5.006, 8.771) (4.590, 8.355) (5.125, 8.058) (5.125,8.058)
[5] (4.538, 8.989) (5.044, 8.824) (4.703, 8.483) (5.192, 8.156) (5.192, 8.156)
[6] (3.893, 7.634) (4.064, 7.962) (3.565, 7.463) (4.443, 6.937) (4.443, 6.938)

6.7 Concluding Remarks

In this chapter, we developed some inferences of associated parameters and entropy of MW
lifetime model based on PFFC data from both classical and Bayesian points of view. For
classical estimation procedures, we applied the EM algorithm to compute ML estimates. Also,
we obtained asymptotic and two bootstraps (boot-p & boot-t) confidence intervals. Further,
in the case of Bayesian estimation procedures, we applied two approximation techniques such
as TK approximation and M-H algorithm to approximate the Bayes estimators under LINEX
loss function. In addition, we use the M-H algorithm to compute the HPD credible intervals.
Moreover, a numerical computation is performed employing a Monte Carlo simulation and
real data applications to know the performance of different estimators and the potentiality of
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(A) Scheme 1.

(B) Scheme 2.

(C) Scheme 3.

(D) Scheme 4.

(E) Scheme 5.

(F) Scheme 6.

FIGURE 6.3: MCMC diagnostic plots for different censoring schemes under consideration of
real data set.
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TABLE 6.12: The 95% ACI, boot-p, boot-t confidence/HPD credible intervals of entropy H,
under consideration of real data set for k = 4,n = 25 m=(40 & 80)% of n and c=(-0.5 & 0.5).

k [CS] ACI
Bootstrap HPD credible intercals

boot-p boot-t c=-0.5 c=0.5

4 [1] (1.532, 1.996) (1.596, 1.907) (1.621, 1.932) (1.591, 1.900) (1.591, 1.900)
[2] (1.605, 2.061) (1.678, 1.955) (1.712, 1.989) (1.664, 1.968) (1.664, 1.968)
[3] (1.295, 1.738) (1.327, 1.712) (1.322, 1.706) (1.353, 1.648) (1.353, 1.648)
[4] (1.434, 1.764) (1.455, 1.735) (1.463, 1.743) (1.472, 1.698) (1.472, 1.698)
[5] (1.441, 1.770) (1.459, 1.738) (1.472, 1.752) (1.478, 1.704) (1.478, 1.704)
[6] (1.363, 1.688) (1.351, 1.687) (1.364, 1.700) (1.400, 1.623) (1.400, 1.623)

considered methodologies and models. Finally, based on the observed data we recommend
the use of Bayesian estimation of the parameter and entropy based on the MCMC method for
the MW lifetime model when the prior information about the parameter is available. If prior
information is not available then the ML estimates may be are preferred.
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