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SYNOPTIC ABSTRACT
The extended exponential distribution due to Nadarajah and Haghighi
(2011) is an alternative, and always provides better fits than the gamma,
Weibull, and the generalized exponential distributions whenever the
data contains zero values. In this article, we consider the generalized
order statistics (GOS) from this distribution. We obtain exact explicit
expressions as well as recurrence relations for the single, product, and
conditional moments of generalized order statistics from the extended
exponential (EE) distribution. Then, we use these results to compute the
means, variances, and covariances of order statistics and record values
for samples of different sizes for various values of the shape and scale
parameters. Further, we compute the mean and variances for progres-
sively Type II censored order statistics.

1. Introduction

The concept of generalized order statistics (GOS) was introduced by Kamps (1995) as a gen-
eral framework for models of ordered random variables. Moreover, many other models of
ordered random variables, such as, order statistics, k-th upper record values, upper record
values, progressively Type II censoring order statistics, Pfeifer records, and sequential order
statistics are seen to be particular cases of GOS. These models can be effectively applied, e.g.,
in reliability theory.

Formore details and some applications of GOS onemay refer to Kamps andGather (1997),
Keseling (1999), Cramer and Kamps (2000), Ahsanullah (2000), Habibullah and Ahsanullah
(2000), Pawlas and Szynal (2001), Raqab (2001), Ahmad and Fawzy (2003), AL-Hussaini and
Ahmad (2003a, 2003b), AL-Hussaini (2004), Jaheen (2002, 2005), and Ahmad (2007, 2008),
Kumar (2013, 2014, 2015a, 2015b) among others.

A new generalization of the exponential distribution was recently proposed by Nadarajah
and Haghighi (2011). The new distribution has the probability density function (pdf),

f (x; α, λ) = αλ(1 + λx)α−1e1−(1+λx)α , x > 0, α, λ > 0 (1)

and the corresponding cumulative distribution function (cdf) as,

F(x; α, λ) = 1 − e1−(1+λx)α , x > 0, α, λ > 0. (2)
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The hazard function is given by,

h(x) = αλ(1 + λx)α−1, x > 0, α, λ > 0. (3)

Here, α and λ are the shape and scale parameters, respectively. We denote the EE distribution
with the shape parameter α and the scale parameter λ as EE(α, λ). Nadarajah and Haghighi
(2011) studied the properties of this distribution extensively and also pointed out that the
density function (1) has a decreasing probability function like an exponential distribution,
but its mode is at zero. They also showed that larger values of α in (1) will lead to faster decay
of the upper tail. The distribution also allows for increasing, decreasing, and constant haz-
ard rates like a Weibull distribution or an generalized exponential distribution. Further, this
distribution is a particular member of the three-parameter Generalized PowerWeibull distri-
bution, introduced by Nikulin and Haghighi (2006). Moreover, this distribution is a special
case of Gurvich, DiBenedetto, and Ranade (1997) class as F(x) = 1 − exp(−βG(x)), where
G(x) is a monotonically increasing function of x with the only limitation G(x) ≥ 0. Lemonte
(2013) extended the EE distribution using a similar idea with Gupta and Kundu (1999), called
the Exponentiated Nadarajah and Haghighi (ENH) distribution. He had provided a compre-
hensive account of the mathematical properties of the ENH distributions, and the estima-
tion of the unknown parameters of the distribution is obtained by the method of maximum
likelihood for complete samples as well as for censored samples. The standard exponential
distribution is the particular case of this distribution for α = λ = 1.

One can observe from (1) and (2) that,

f (x; α, λ) = α

α−1∑
l=0

(
α − 1

l

)
λl+1xl F(x; α, λ) (4)

provided that α ≥ 1 is an integer. The relation in (4) will be exploited to derive recur-
rence relations for the moments of generalized order statistics for the extended exponential
distribution.

In this article, we define generalized order statistics. It will be shown that order statistics,
record values, and progressively Type II censored order statistics are special cases of gener-
alized order statistics. First, we derive the explicit expressions for single moments, product
moments, and conditional moments of order statistics and record values. Further, we also
derive the expressions for single moments and product moments for progressively Type II
censored order statistics. We also provide tabulations of means, variances, and covariances of
order statistics and record values for samples of different sizes of the shape and scale param-
eters. Further more, we provide tabulations of mean and variances of progressively Type II
censored order statistics with different sampling schemes.

The rest of the paper proceeds as follows. In Section 2, we describe briefly the preliminaries
of generalized order statistics. In Section 3, we derive explicit expressions and recurrence rela-
tions for single moments, product moments, and conditional moments of generalized order
statistics. Tabulations of means, variances, and covariances of order statistics, record values,
and progressively Type II censored order statistics are given in Section 4. Finally, the article is
concluded in Section 5.

2. Generalized Order Statistics and Preliminaries

Suppose X (1, n,m, k), . . . ,X (n, n,m, k), (k ≥ 1, m is a real number), are n GOS from an
absolutely continuous cumulative distribution function cd f F(x) with probability density
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function pd f f (x), if their joint pd f is of the following form.

k

⎛
⎝n−1∏

j=1

γ j

⎞
⎠(n−1∏

i=1

[1 − F(xi)]m f (xi)

)
[1 − F(xn)]k−1 f (xn), (5)

for F−1(0) < x1 ≤ x2 ≤ · · · ≤ xn < F−1(1), where γ j = k + (n − j)(m + 1) > 0 for all j,
1 ≤ j ≤ n, k is a positive integer andm ≥ −1. Ifm = 0 and k = 1, we obtain the joint pdf of
the order statistics. If k = 1 andm = −1, we obtain the joint pd f of the first n record values of
the identically and independently distributed (iid) random variables with cd f F(x) and cor-
responding pd f f (x). Other statistics contained as particular cases include sequential order
statistics, progressively type II censored order statistics and Pfeifer’s record values.

In view of (5), the marginal pd f of the rth GOS, is given by,

fX (r,n,m,k)(x) = Cr−1

(r − 1)!
[F̄(x)]γr−1 f (x)gr−1

m (F(x)). (6)

The joint pd f of r-th and s-th GOS is,

fX (r,n,m,k),X (s,n,m,k)(x, y) = Cs−1

(r − 1)!(s − r − 1)!
[F̄(x)]m f (x)gr−1

m (F(x))

× [hm(F(y)) − hm(F(x))]s−r−1[F̄(y)]γs−1 f (y), (7)

for x < y, where F̄(x) = [1 − F(x)],

Cr−1 =
r∏

i=1

γi

hm(x) =
{− 1

m+1 (1 − xm+1), m �= −1
−ln(1 − x), m = −1

and

gm(x) = hm(x) − hm(1), x ∈ [0, 1).

3. Relations for Single and Product Moments of Generalized Order Statistics

In this section, we derive explicit expressions and recurrence relations for single and product
moments of generalized order statistics from the extended exponential distribution.

3.1. Relations for SingleMoments

We shall first establish explicit expressions for single moments of jth GOS,
E[X (r, n,m, k)( j)] = μ

( j)
r,n,m,k. Theorem 1 gives an explicit expression for 1 ≤ r ≤ n and

j = 0, 1, 2, . . . . Theorem 2 gives an explicit expression for 1 ≤ r ≤ n and j a negative integer.

Theorem 1. For 1 ≤ r ≤ n, k ≥ 1, m ≥ −1 and j = 0, 1, 2, . . . ,

μ
( j)
r,n,m,k = λ− jCr−1

(r − 1)!(s − r − 1)! (m + 1)r−1

r−1∑
u=0

j∑
l=0

(−1)u+ j−l
(
r − 1
u

)

×
(
j
l

)
eγr−u

(γr−u)
1+ l

α

�

(
l
α

+ 1, γr−u

)
, m �= −1 (8)
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and for m = −1

μ
( j)
r,n,−1,k = ek kr

λ j (r − 1)!

r−1∑
u=0

j∑
l=0

(−1) j+r−1−u−l
(
r − 1
u

)(
j
l

)

× k−1− αu+l
α �

(
αu + l

α
+ 1, k

)
, (9)

where �(a, x) denotes the incomplete gamma function defined by �(a, x) = ∫∞
x ta−1 etdt.

Proof. Using (6), we have,

μ
( j)
r,n,m,k = Cr−1

(r − 1)!

∫ ∞

0
x j[F̄(x)]γr−1gr−1

m (F(x)) f (x)dx.

= Cr−1

(r − 1)! (m + 1)r−1

r−1∑
u=0

(−1)u
(
r − 1
u

)∫ ∞

0
x j[F̄(x)]γr−u−1 f (x)dx

= αλCr−1

(r − 1)! (m + 1)r−1

r−1∑
u=0

(−1)u
(
r − 1
u

)
eγr−u

×
∫ ∞

0
x j (1 + λx)α−1 e−γr−u(1+λx)αdx

= αλ1− j Cr−1

(r − 1)! (m + 1)r−1

r−1∑
u=0

(−1)u
(
r − 1
u

)
eγr−u

×
∫ ∞

0
(1 + λx − 1) j (1 + λx)α−1 e−γr−u(1+λx)αdx

= αλ1− j Cr−1

(r − 1)! (m + 1)r−1

r−1∑
u=0

j∑
l=0

(−1)u+ j−l
(
r − 1
u

)(
j
l

)
eγr−u

×
∫ ∞

0
(1 + λx)α−1+l e−γr−u(1+λx)αdx

= λ− j Cr−1

(r − 1)! (m + 1)r−1

r−1∑
u=0

j∑
l=0

(−1)u+ j−l
(
r − 1
u

)(
j
l

)

× (γr−u)
−1− l

α eγr−u

∫ ∞

γr−u

y
l
α e−ydy,

where y = (1 + λx)α γr−u. The result follows from the definition of the incomplete gamma
function.

Form = −1,

μ
( j)
r,n,−1,k = λ− j ek kr

(r − 1)!

r−1∑
u=0

j∑
l=0

(−1) j+r−1−u−l
(
r − 1
u

)(
j
l

)

× k−1− αu+l
α

∫ ∞

k
y

αu+l
α e−ydy,

where y = k (1 + λx)α . The result follows from the definition of the incomplete gamma
function.
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... Special Cases
1) If we putm = 0, k = 1 in (8), we get an explicit expression for ordinary order statistics

(γr = n − r + 1). We have,

μ j
r:n = Cr:nλ

− j
r−1∑
u=0

j∑
l=0

(−1)u+ j−l
(
r − 1
u

)(
j
l

)

× en−r+u+1

(n − r + u + 1)1+ l
α

�

(
l
α

+ 1, n − r + u + 1
)

,

as obtained by Kumar et al (2017). In particular, the mean order statistics and the vari-
ance order statistics are,

μ(1)
r:n = Cr:n

r−1∑
u=0

(
r − 1
u

)
en−r+u+1

λ

{
(−1)u+1

n − r + u + 1
�(1, n − r + u + 1)

+ (−1)u

(n − r + u + 1)1+ l
α

�

(
1
α

+ 1, n − r + u + 1
)}

, (10)

and

σ 2
r:n = μ(2)

r:n − [
μ(1)

r:n

]2
= Cr:n

r−1∑
u=0

(
r − 1
u

)
en−r+u+1

λ2

{
(−1)u+2

n − r + u + 1
�(1, n − r + u + 1)

+ 2(−1)u+1

(n − r + u + 1)1+ 1
α

�

(
1 + 1

α
, n − r + u + 1

)

+ (−1)u

(n − r + u + 1)1+ 2
α

�

(
1 + 2

α
, n − r + u + 1

)}
− [

μ(1)
r:n

]2
, (11)

respectively. If α = λ = 1, then (10) and (11) reduce for the mean and the variance of
order statistics of the standard exponential distribution.

2) If we put k = 1 in (9) ordinary record values we have,

μ( j)
r = e(1)

λ j (r − 1)!

r−1∑
u=0

j∑
l=0

(−1) j+r−1−u−l
(
r − 1
u

)(
j
l

)
�

(
αu + l

α
+ 1, 1

)
. (12)

In particular, the mean record statistics and the variance record statistics are,

μ
(1)
U (r) = e(1)

λ (r − 1)!

r−1∑
u=0

(
r − 1
u

){
(−1)r−u�

(αu
α

+ 1, 1
)

+ (−1)r−u+1�

(
αu + 1

α
+ 1, 1

)}
. (13)

and

σ 2
U (r) = μ

(2)
U (r) − [

μ
(1)
U (r)

]2
= e(1)

λ (r − 1)!

r−1∑
u=0

(
r − 1
u

){
(−1)r−u+1�

(αu
α

+ 1, 1
)

+ 2(−1)r−u

× �

(
αu + 1

α
+ 1, 1

)
+ (−1)r−u−1�

(
αu + 2

α
+ 1, 1

)}
− [

μ
(1)
U (r)

]2
, (14)
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respectively. If α = λ = 1, then (13) and (14) reduce for the mean and the variance of
record values of the standard exponential distribution.

Theorem 2. For 1 ≤ r ≤ n, k ≥ 1, m ≥ −1, and j a negative integer,

μ
( j)
r,n,m,k = λ− jCr−1

(r − 1)!(s − r − 1)! (m + 1)r−1

r−1∑
u=0

∞∑
l=0

(−1)u+ j−l
(
r − 1
u

)

×
(
j
l

)
eγr−u

(γr−u)
1+ l

α

�

(
l
α

+ 1, γr−u

)
, m �= −1 (15)

and for m = −1,

μ
( j)
r,n,−1,k = ek kr

λ j (r − 1)!

r−1∑
u=0

∞∑
l=0

(−1) j+r−1−u−l
(
r − 1
u

)(
j
l

)

× k−1− αu+l
α �

(
αu + l

α
+ 1, k

)
, (16)

where �(a, x) denotes the incomplete gamma function.

Proof. Similar to the proof of Theorem 1.

Theorem 3 establishes a recurrence relation for μ
( j)
r,n,m,k. This result holds for positive, as

well as negative, j.

Theorem 3. For the extended exponential distribution in (1) and 1 ≤ r ≤ n, k ≥ 1, m ≥ −1,

μ
( j)
r,n,m,k = αλγr

α−1∑
l=0

(
α − 1

l

)
λl

j + l + 1

[
μ

( j+l+1)
r,n,m,k − μ

( j+l+1)
r−1,n,m,k

]
. (17)

Throughout, we follow the conventions that μ
( j)
0,n,m,k = 0 for n ≥ 1 and μ

(0)
r,n,m,k = 1 for

1 ≤ r ≤ n.

Proof. For 1 ≤ r ≤ n, we have from (4) and (6),

μ
( j)
r,n,m,k = αCr−1

(r − 1)!

α−1∑
l=0

(
α − 1

l

)
λl+1

∫ ∞

0
x j+l[F̄(x)]γr gr−1

m (F(x))dx.

By integrating by parts, we obtain,

μ
( j)
r,n,m,k = αCr−1

(r − 1)!

α−1∑
l=0

(
α − 1

l

)
λl+1

{
γr

j + l + 1

∫ ∞

0
x j+l+1[F̄(x)]γr−1gr−1

m (F(x)) f (x)dx

− (r − 1)
j + l + 1

∫ ∞

0
x j+l+1[F̄(x)]γr+mgr−2

m (F(x)) f (x)dx
}

.

The result follows.

In particular, upon setting r = 1 in Theorem 3, we deduce the following result.

Corollary 1. For the extended exponential distribution given in (1),

μ
( j)
1,n,m,k = αλγ1

α−1∑
l=0

(
α − 1

l

)
λl

j + l + 1
μ

( j+l+1)
1,n,m,k . (18)
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... Special Cases
1) For m = 0, k = 1 in (17) and (18), we get the recurrence relations for ordinary order

statistics,

μ( j)
r:n = αλ(n − r + 1)

α−1∑
l=0

(
α − 1

l

)
λl

j + l + 1

[
μ( j+l+1)

r:n − μ
( j+l+1)
r−1:n

]
, (19)

and

μ
( j)
1:n = nαλ

α−1∑
l=0

(
α − 1

l

)
λl

j + l + 1
μ

( j+l+1)
1:n . (20)

2) Form = −1, k ≥ 1 in (17) and (18), we get recurrence relations for record values,

μ
( j)
U (r):k = kαλ

α−1∑
l=0

(
α − 1

l

)
λl

j + l + 1

[
μ

( j+l+1)
U (r):k − μ

( j+l+1)
U (r−1):k

]
, (21)

and

μ
( j)
U (1):k = kαλ

α−1∑
l=0

(
α − 1

l

)
λl

j + l + 1
μ

( j+l+1)
U (1):k . (22)

3) If mi = Ri for i = 1, 2, . . . ,m − 1 and k = Rm + 1, then (17) is reduced to progres-
sively Type-II censored order statistics for 2 ≤ m ≤ n and j ≥ 0,

μ
(R1,R2,...,Rm )(u+ j+1)

1:m:n = 1
(1 + R1)α

∑α−1
u=0

(
α−1
u

)
λu+1(u + j + 1)−1

μ
(R1,R2,...,Rm )( j)

1:m:n

− (n − R1 − 1)
(1 + R1)

μ
(R1+1+R2,...,Rm )(u+ j+1)

1:m−1:n . (23)

Form = 1, n = 1, 2, . . . and j ≥ 0,

μ
(n−1)(u+ j+1)

1:1:n = 1
nα
∑α−1

u=0

(
α−1
u

)
λu+1(u + j + 1)−1

μ
(n−1)( j)
1:1:n . (24)

For 2 ≤ i ≤ m − 1,m ≤ n and j ≥ 0,

μ
(R1,R2,...,Rm )(u+ j+1)

i:m:n = 1
1 + Ri

[
1

α
∑α−1

u=0

(
α−1
u

)
λu+1(u + j + 1)−1

μ
(R1,R2,...,Rm )( j)

i:m:n

− (n − R1 − R2 − · · · − Ri − i)

× μ
(R1,R2,...,Ri−1,Ri+Ri+1+1,Ri+2,...,Rm)(u+ j+1)

i:m−1:n

+ (n − R1 − R2 − · · · − Ri−1 − i + 1)

× μ
(R1,R2,...,Ri−2,Ri−1+Ri+1,Ri+1,...,Rm)(u+ j+1)

i−1:m−1:n

]
. (25)

For 2 ≤ m ≤ n, and j ≥ 0,

μ(R1,R2,...,Rm )(u+ j+1)

m:m:n = 1
(1 + Rm)α

∑α−1
u=0

(
α−1
u

)
λu+1(u + j + 1)−1

μ(R1,R2,...,Rm)( j)

m:m:n

+ μ
(R1,R2,...,Rm−2,Rm−1+Rm+1,Ri+1,...,Rm )(u+ j+1)

m−1:m−1:n . (26)
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3.2. Relations for ProductMoments

We shall first establish explicit expressions for the product moment of ith and jth generalized
order statistics, E[X (i, j)

r,s,n,m,k] = μ
(i, j)
r,s,n,m,k. Theorem 4 gives an explicit expression for 1 ≤ r <

s ≤ n and i, j = 0, 1, 2, . . . . Theorem 5 gives an explicit expression for 1 ≤ r < s ≤ n, i =
0, 1, 2, . . . and j a negative integer. Theorem 6 gives an explicit expression for 1 ≤ r < s ≤ n,
j = 0, 1, 2, . . . and i a negative integer. Theorem 7 gives an explicit expression for 1 ≤ r <

s ≤ n and both i and j negative integers.

Theorem4. For the distribution given in (1) and 1 ≤ r < s ≤ n, n ≥ 1, k = 1, 2, . . . and i, j =
0, 1, 2, . . .

μ
(i, j)
r,s;n,m,k = αλ−i− j Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

i∑
p=0

j∑
q=0

(−1)u+v+i+ j−p−q

×
(
r − 1
u

)(
s − r − 1

v

)(
i
p

)(
j
q

) eγr−u �
(
2 + p+q

α

)
(p+ α) (γr−u)

2+ p+q
α

× 2F1
(
1, 2 + p+ q

α
; 2 + p

α
; (u + s − r − v )(m + 1)

γr−u

)
, m �= −1 (27)

and for m = −1

μ
(i, j)
r,s;n,−1,k = αλ−i− j ek

(r − 1)!(s − r − 1)!

r−1∑
u=0

s−r−1∑
v=0

i∑
p=0

j∑
q=0

(−1)i+ j+r+v+u−p−q−1

×
(
r − 1
u

)(
s − r − 1

v

)(
i
p

)(
j
q

) �
(

α(u+s−r−1)+p+q
α

+ 1
)

[α(u + v ) + p] k
α(u+v )+p

α −1

× 2F1
(
1, u + s − r + p+ q

α
; u + v + 1 + p

α
; 0
)

, (28)

where 2F1(a, b; c; x) denotes the Gauss hypergeometric function defined by,

2F1(a, b; c; x) =
∞∑
k=0

(a)k (b)k
(c)k

xk

k!
,

where (e)k = e(e + 1) . . . (e + k − 1) denotes the ascending fractorial.

Proof. Using (7), we have form �= −1,

μ
(i, j)
r,s;n,m,k = Cs−1

(r − 1)!(s − r − 1)!

∫ ∞

0

∫ ∞

x
xiy j[F̄(x)]m f (x)gr−1

m (F(x))

× [hm(F(y)) − hm(F(x))]s−r−1[F̄(y)]γs−1 f (y)dydx

= Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

(−1)u+v

(
r − 1
u

)(
s − r − 1

v

)

×
∫ ∞

0

∫ ∞

x
xiy j[F̄(x)](s−r+u−v )(m+1)[F̄(y)]γs−v−1 f (x) f (y)dydx

= α2λ2 eγr−u Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

(−1)u+v

(
r − 1
u

)(
s − r − 1

v

)
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×
∫ ∞

0

∫ ∞

x
xiy j(1 + λx)α−1(1 + λy)α−1e−γs−v (1+λy)α

× e−(u+s−r−v )(m+1)(1+λx)αdydx

= α2λ2−i− j eγr−u Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

(−1)u+v

(
r − 1
u

)(
s − r − 1

v

)

×
∫ ∞

0

∫ ∞

x
(1 + λx − 1)i(1 + λy − 1) j(1 + λx)α−1(1 + λy)α−1

× e−γs−v (1+λy)α e−(u+s−r−v )(m+1)(1+λx)αdydx

= α2λ2−i− j eγr−u Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

(−1)u+v

(
r − 1
u

)(
s − r − 1

v

)

×
i∑

p=0

j∑
q=0

(−1)i+ j−p−q
(
i
p

)(
j
q

)∫ ∞

0

∫ ∞

x
(1 + λx)p+α−1(1 + λy)q+α−1

× e−γs−v (1+λy)α e−(u+s−r−v )(m+1)(1+λx)αdydx

= αλ1−i− j eγr−u Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

(−1)u+v

(
r − 1
u

)(
s − r − 1

v

)

×
i∑

p=0

j∑
q=0

(−1)i+ j−p−q
(
i
p

)(
j
q

)∫ ∞

0
(1 + λx)p+α−1e−(u+s−r−v )(m+1)(1+λx)α

× (γs−v )
−1− q

α

∫ ∞

γs−v

z
q
α e−z dzdx

= αλ1−i− j eγr−u Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

(−1)u+v

(
r − 1
u

)(
s − r − 1

v

)

×
i∑

p=0

j∑
q=0

(−1)i+ j−p−q
(
i
p

)(
j
q

)∫ ∞

0
(1 + λx)p+α−1e−(u+s−r−v )(m+1)(1+λx)α

× (γs−v )
−1− q

α �
( q
α

+ 1, γs−v (1 + λx)α
)
dx

= λ−i− j eγr−u Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

(−1)u+v

(
r − 1
u

)(
s − r − 1

v

)

×
i∑

p=0

j∑
q=0

(−1)i+ j−p−q
(
i
p

)(
j
q

)
(γs−v )

−1− q
α [(u + s − r − v )(m + 1)]−1− p

α

×
∫ ∞

0
w

p
α e−w �

( q
α

+ 1, γs−v (1 + λx)α
)
dx, (29)

where z = γs−v (1 + λy)α and w = (u + s − r − v )(m + 1)(1 + λx)α . The result follows by
using Equation (6.455.1) in Gradshteyn and Ryzhik (2000) to calculate the integral in (29).

The proof is complete.

Form = −1,

μ
(i, j)
r,s;n,m,k = ks

(r − 1)!(s − r − 1)!

∫ ∞

0

∫ ∞

x
xiy j[−lnF̄(x)]r−1 f (x)

F̄(x)
× [−lnF̄(y) + lnF̄ (x)]s−r−1[F̄(y)]k−1 f (y)dy dx
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= α2λ2−i− jks ek

(r − 1)!(s − r − 1)!

r−1∑
u=0

s−r−1∑
v=0

(−1)r−1+v−u
(
r − 1
u

)(
s − r − 1

v

)

×
i∑

p=0

j∑
q=0

(−1)i+ j−p−q
(
i
p

)(
j
q

)∫ ∞

0

∫ ∞

x
xiy j e−k(1+λy)α

× (1 + λx)α(u+v )+p+α−1 (1 + λy)α(s−r−1−v )+q+α−1dydx

= αλ1−i− jks ek

(r − 1)!(s − r − 1)!

r−1∑
u=0

s−r−1∑
v=0

(−1)r−1+v−u
(
r − 1
u

)(
s − r − 1

v

)

×
i∑

p=0

j∑
q=0

(−1)i+ j−p−q
(
i
p

)(
j
q

)
k− α(s−r−1−v )+q

α

×
∫ ∞

0
(1 + λx)α(u+v )+p+α−1 �

(
α(s − r − 1 − v ) + q

α
, k(1 + λx)α

)
dx

= λ−i− jks ek

(r − 1)!(s − r − 1)!

r−1∑
u=0

s−r−1∑
v=0

(−1)r−1+v−u
(
r − 1
u

)(
s − r − 1

v

)

×
i∑

p=0

j∑
q=0

(−1)i+ j−p−q
(
i
p

)(
j
q

)
k− α(s−r−1−v )+q

α

×
∫ ∞

0
t

α(u+u)+p
α �

(
α(s − r − 1 − v ) + q

α
, k t

)
dt, (30)

where t = (1 + λx)α . The result follows by using Equation (6.455.1) in Gradshteyn and
Ryzhik (2000) to calculate the integral in (30).

The proof is complete.

... Special Cases
1) For m = 0 and k = 1 in (27), we get the explicit expression for product moments of

ordinary order statistics,

μ(i, j)
r,s:n = αCr,s:n λ−i− j

r−1∑
u=0

s−r−1∑
v=0

i∑
p=0

j∑
q=0

(−1)u+v+i+ j−p−q
(
r − 1
u

)

×
(
s − r − 1

v

)(
i
p

)(
j
q

) eu−r+n+1 �
(
2 + p+q

α

)
(p+ α) (u + n − r + 1)2+

p+q
α

× 2F1
(
1, 2 + p+ q

α
; 2 + p

α
; (u + s − r − v )

u + n − r + 1

)
,

as obtained by Kumar et al (2017). In particular, the covariance of order statistics is,

μ(1,1)
r,s:n = αCr,s:n λ−2

r−1∑
u=0

s−r−1∑
v=0

(
r − 1
u

)(
s − r − 1

v

)

× eu−r+n+1
{

(−1)u+v+2

α(u + n − r + 1)2 2F1
(
1, 2; 2; u + s − r − v

u + n − r + 1

)

+ (−1)u+v+1 �
(
2 + 1

α

)
(u + n − r + 1)2+ 1

α (1 + α)
2F1
(
1, 2 + 1

α
; 2 + 1

α
; u + s − r − v

u + n − r + 1

)
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+ (−1)u+v+1 �
(
2 + 1

α

)
α(u + n − r + 1)2+ 1

α
2F1
(
1, 2 + 1

α
; 2; u + s − r − v

u + n − r + 1

)

+ (−1)u+v �
(
2 + 2

α

)
(u + n − r + 1)2+ 1

α (1 + α)
2F1
(
1, 2 + 2

α
; 2 + 1

α
; u + s − r − v

u + n − r + 1

)}
. (31)

2) For k = 1 in (28), we get explicit expression for record values,

μ
(i, j)
r,s;n,−1,k = α λ−i− j e

(r − 1)!(s − r − 1)!

r−1∑
u=0

s−r−1∑
v=0

i∑
p=0

j∑
q=0

(−1)i+ j+r+v+u−p−q−1

×
(
r − 1
u

)(
s − r − 1

v

)(
i
p

)(
j
q

) �
(

α(u+s−r−1)+p+q
α

+ 1
)

[α(u + v ) + p]

× 2F1
(
1, u + s − r + p+ q

α
; u + v + 1 + p

α
; 0
)

, (32)

Theorem 5. For the distribution given in (1) and 1 ≤ r < s ≤ n, n ≥ 1, k = 1, 2, . . . , i =
0, 1, 2, . . . , and j a negative integer,

μ
(i, j)
r,s;n,m,k = αλ−i− j Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

i∑
p=0

∞∑
q=0

(−1)u+v+i+ j−p−q

×
(
r − 1
u

)(
s − r − 1

v

)(
i
p

)(
j
q

) eγr−u�
(
2 + p+q

α

)
(p+ α) (γr−u)

2+ p+q
α

× 2F1
(
1, 2 + p+ q

α
; 2 + p

α
; (u + s − r − v )(m + 1)

γr−u

)
, m �= −1 (33)

and for m = −1,

μ
(i, j)
r,s;n,−1,k = αλ−i− j ek

(r − 1)!(s − r − 1)!

r−1∑
u=0

s−r−1∑
v=0

i∑
p=0

∞∑
q=0

(−1)i+ j+r+v+u−p−q−1

×
(
r − 1
u

)(
s − r − 1

v

)(
i
p

)(
j
q

) �
(

α(u+s−r−1)+p+q
α

+ 1
)

[α(u + v ) + p] k
α(u+v )+p

α −1

× 2F1
(
1, u + s − r + p+ q

α
; u + v + 1 + p

α
; 0
)

, (34)

Proof. Similar to the proof of Theorem 4.

Theorem 6. For the distribution given in (1) and 1 ≤ r < s ≤ n, n ≥ 1, k = 1, 2, . . . , j =
0, 1, 2, . . . , and i a negative integer,

μ
(i, j)
r,s;n,m,k = αλ−i− j Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

∞∑
p=0

j∑
q=0

(−1)u+v+i+ j−p−q

×
(
r − 1
u

)(
s − r − 1

v

)(
i
p

)(
j
q

) eγr−u �
(
2 + p+q

α

)
(p+ α) (γr−u)

2+ p+q
α

× 2F1
(
1, 2 + p+ q

α
; 2 + p

α
; (u + s − r − v )(m + 1)

γr−u

)
, m �= −1 (35)
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and for m = −1,

μ
(i, j)
r,s;n,−1,k = αλ−i− j ek

(r − 1)!(s − r − 1)!

r−1∑
u=0

s−r−1∑
v=0

∞∑
p=0

j∑
q=0

(−1)i+ j+r+v+u−p−q−1

×
(
r − 1
u

)(
s − r − 1

v

)(
i
p

)(
j
q

) �
(

α(u+s−r−1)+p+q
α

+ 1
)

[α(u + v ) + p] k
α(u+v )+p

α −1

× 2F1
(
1, u + s − r + p+ q

α
; u + v + 1 + p

α
; 0
)

, (36)

Proof. Similar to the proof of Theorem 4.

Theorem 7. For the distribution given in (1) and 1 ≤ r < s ≤ n, n ≥ 1, k = 1, 2, . . . , and both
i and j negative integers,

μ
(i, j)
r,s;n,m,k = αλ−i− j Cs−1

(r − 1)!(s − r − 1)!(m + 1)s−2

r−1∑
u=0

s−r−1∑
v=0

∞∑
p=0

∞∑
q=0

(−1)u+v+i+ j−p−q

×
(
r − 1
u

)(
s − r − 1

v

)(
i
p

)(
j
q

) eγr−u�
(
2 + p+q

α

)
(p+ α) (γr−u)

2+ p+q
α

× 2F1
(
1, 2 + p+ q

α
; 2 + p

α
; (u + s − r − v )(m + 1)

γr−u

)
, m �= −1 (37)

and for m = −1,

μ
(i, j)
r,s;n,−1,k = αλ−i− j ek

(r − 1)!(s − r − 1)!

r−1∑
u=0

s−r−1∑
v=0

∞∑
p=0

∞∑
q=0

(−1)i+ j+r+v+u−p−q−1

×
(
r − 1
u

)(
s − r − 1

v

)(
i
p

)(
j
q

) �
(

α(u+s−r−1)+p+q
α

+ 1
)

[α(u + v ) + p] k
α(u+v )+p

α −1

× 2F1
(
1, u + s − r + p+ q

α
; u + v + 1 + p

α
; 0
)

, (38)

Proof. Similar to the proof of Theorem 4.

Theorem 8 establishes a recurrence relation for μ
(i, j)
r,s;n,m,k. This result holds for positive as

well as negative values of i and j.

Theorem 8. For the distribution given in (1) and 1 ≤ r < s ≤ n, n ≥ 1, k = 1, 2, . . . ,

μ
(i, j)
r,s,n,m,k = αλ

α−1∑
l=0

(
α − 1

l

)
λl
[

γs

j + l + 1
μ

(i, j+l+1)
r,s,n,m,k − s − r − 1

j + l + 1
μ

(i, j+l+1)
r,s−1,n,m,k

]
. (39)

Proof. Using (7), we have,

μ
(i, j)
r,s,n,m,k = Cs−1

(r − 1)!(s − r − 1)!

∫ ∞

0
xi[F̄(x)]mgr−1

m (F(x))G(x) f (x)dx (40)



390 D. KUMAR AND S. DEY

where,

G(x) =
∫ ∞

x
y j[hm(F(y)) − hm(F(x))]s−r−1[F̄(y)]γs−1 f (y)dy

= αλ

α−1∑
l=0

(
α − 1

l

)
λl
∫ ∞

x
y j+l[hm(F(y)) − hm(F(x))]s−r−1[F̄(y)]γsdy.

Integrating by parts with respect to y, we obtain,

G(x) = αλ

α−1∑
l=0

(
α − 1

l

)
λl

×
{

γs

j + l + 1

∫ ∞

x
y j+l+1[hm(F(y)) − hm(F(x))]s−r−1[F̄(y)]γs−1 f (y)dy

− s − r − 1
j + l + 1

∫ ∞

x
y j+l+1[hm(F(y)) − hm(F(x))]s−r−2[F̄(y)]γs+m f (y)dy

}
. (41)

The result follows by combining (32) and (33).

In particular, upon setting s = r + 1 in Theorem 8, we deduce the following result.

Corollary 2. For the distribution given in (1) and 1 ≤ r ≤ n, n ≥ 1, k = 1, 2, . . . ,

μ
(i, j)
r,r+1,n,m,k = αλ

α−1∑
l=0

(
α − 1

l

)
λl
[

γr+1

j + l + 1
μ

(i, j+l+1)
r,r+1,n,m,k − s − r − 1

j + l + 1
μ

(i+ j+l+1)
r,n,m,k

]
. (42)

... Special Cases

1) For m = 0, k = 1 in (39) and (42), we get the recurrence relations for ordinary order
statistics,

μ(i, j)
r,s:n = αλ

α−1∑
l=0

(
α − 1

l

)
λl
[
n − s + 1
j + l + 1

μ(i, j+l+1)
r:n − s − r − 1

j + l + 1
μ

(i, j+l+1)
r,s−1:n

]
(43)

and

μ
(i, j)
r,r+1:n = αλ

α−1∑
l=0

(
α − 1

l

)
λl
[

n − r
j + l + 1

μ
(i, j+l+1)
r,r+1:n − s − r − 1

j + l + 1
μ(i+ j+l+1)

r:n

]
. (44)

2) Form = −1, k ≥ 1, (39), and (42), we get the recurrence relation for record values,

μ
(i, j)
U (r,s):k = αλ

α−1∑
l=0

(
α − 1

l

)
λl
[

k
j + l + 1

μ
(i, j+l+1)
U (r,s):n − s − r − 1

j + l + 1
μ

(i, j+l+1)
U (r,s):k

]

and

μ
(i, j)
U (r,r+1):k = αλ

α−1∑
l=0

(
α − 1

l

)
λl
[

k
j + l + 1

μ
(i, j+l+1)
U (r,r+1):k − s − r − 1

j + l + 1
μ

(i+ j+l+1)
U (r):k

]
.

3) Ifmi = Ri for i = 1, 2, . . . ,m − 1, and k = Rm + 1, then (39) is reduced to to progres-
sively Type-II censored order statistics for 1 ≤ i < j ≤ m − 1 andm ≤ n,
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Table . Means of order statistics for different values of parameters.

λ = 0.5

n r α = 1 α = 2 α = 3 α = 4

  . . . .
  . . . .

 . . . .
  . . . .

 . . . .
 . . . .

  . . . .
 . . . .
 . . . .
 . . . .

  . . . .
 . . . .
 . . . .
 . . . .
 . . . .

λ = 1.0

  . . . .
  . . . .

 . . . .
  . . . .

 . . . .
 . . . .

  . . . .
 . . . .
 . . . .
 . . . .

  . . . .
 . . . .
 . . . .
 . . . .
 . . . .

μ
(R1,R2,...,Rm)(1,u+1)

i, j:m:n = 1
Rj + 1

[
1∑α−1

u=0

(
α−1
u

)
αλu+1(u + 1)−1

μ
(R1,R2,...,Rm )
i:m:n

− (n − R1 − 1 − · · · − Rj − j)μ(R1,R2,...,R j−1,R j+R j+1+1,···Rm)(1,u+1)

i, j:m−1:n

+ (n − R1 − 1 − · · · − Rj−1 − j + 1)

× μ
(R1,R2,...,R j−1+R j+1,...,Rm )(1,u+1)

i, j−1:m−1:n

]
. (45)

For 1 ≤ i ≤ m − 1 andm ≤ n,

μ
(R1,R2,...,Rm )(1,u+1)

i,m:m:n = 1
Rm + 1

[
1∑α−1

u=0

(
α−1
u

)
αλu+1(u + 1)−1

μ
(R1,R2,...,Rm )
i:m:n

+ (n − R1 − 1 − · · · − Rm−1 − m + 1)

× μ
(R1,R2,...,Rm−1+Rm+1,...,Rm )(1,u+1)

i,m−1:m−1:n

]
. (46)

3.3. Relations for Conditional Moments

Let X (r, n,m, k), r = 1, 2, . . . , n be gos, then from a continuous population with cd f F(x)
and pd f f (x), then the conditional pd f ofX (s, n,m, k) givenX (r, n,m, k) = x, 1 ≤ r < s ≤
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Table . Variances and covariances of order statistics for λ = 0.5 and ..

λ = 0.5 λ = 1.0

n s r α = 2 α = 3 α = 4 α = 2 α = 3 α = 4

   . . . . . .
   . . . . . .

  . . . . . .
  . . . . . .

   . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .

   . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .

   . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .

n, in view of (6) and (7), is as follows.

fs|r(y|x) = Cs−1

(s − r − 1)!Cr−1

[hm(F(y)) − hm(F(x))]s−r−1[F(y)]γs−1

[F̄(x)]γr+1
f (y) (47)

The conditional pd f of X (r, n,m, k) given X (s, n,m, k) = y, 1 ≤ r < s ≤ n is as follows.

fr|s(x|y) = (s − 1)!(m + 1)[F̄(x)]m[1 − (F̄(x))m+1]r−1

(r − 1)!(s − r − 1)!

× [(F̄(x))m+1 − (F̄(x))m+1]s−r−1

[1 − (F̄(y))m+1]s−1
f (y). (48)

We shall first establish conditional moments of GOS, X (s, n,m, k) given X (r, n,m, k) = x
E[X ( j)(s, n,m, k)|X (r, n,m, k) = x] = μ

( j)
s,n,m,k|r,n,m,k andX (r, n,m, k) givenX (s, n,m, k) =

y E[X ( j)(r, n,m, k)|X (s, n,m, k) = y] = μ
( j)
r,n,m,k|s,n,m,k. Theorem 9 gives the conditional

moments of GOS, X (s, n,m, k) given X (r, n,m, k) = x for 1 ≤ r < s ≤ n and j =
0, 1, 2, . . . . Theorem 10 gives the conditional moments of GOS, X (r, n,m, k) given
X (s, n,m, k) = y for 1 ≤ r < s ≤ n and j = 0, 1, 2, . . . .
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Table . Means of record statistics for k = 1 and different values of parameters.

λ = 0.5

r ↓ α = 1 α = 2 α = 3 α = 4

 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .

λ = 1.0

 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .

Theorem9. For the distribution given in (1) and 1 ≤ r < s ≤ n, n ≥ 1, k = 1, 2, . . . and i, j =
0, 1, 2, . . . ,

μ
( j)
s,n,m,k|r,n,m,k = Cs−1

λ j(s − r − 1)!Cr−1(m + 1)s−r−1[e1−(1+λx)α ]γs

s−r−1∑
u=0

(−1)u
(
s − r − 1

u

)

×
j∑

l=0

(−1) j−l
(
j
l

) eγs−u�
( l

α
+ 1, (1 + λx)αγs−u

)
γ

l
α +1
s−u

. (49)

Proof. Similar to the proof of Theorem 1.

Theorem 10. For the distribution given in (1) and 1 ≤ r < s ≤ n, n ≥ 1, k = 1, 2, . . . and
i, j = 0, 1, 2, . . . ,

μ
( j)
r,n,m,k|s,n,m,k = (s − 1)!(m + 1)

λ j(r − 1)!(s − r − 1)![1 − (e1−(1+λy)α )m+1]s−1

r−1∑
u=0

(−1)u
(
r − 1
u

)

×
s−r−1∑
v=0

(−1)s−r−1−v

(
s − r − 1

u

) j∑
l=0

(−1) j−l
(
j
l

)
eξ

× [e1−(1+λy)α ]s−r−1−vγ
( l

α
+ 1, ξ (1 + λy)α

)
ξ

l
α +1

, (50)

where ξ = u + v + m(1 + u) + 1 and γ (a, x) denotes the incomplete gamma function defined
by γ (a, x) = ∫ y

0 t
a−1 etdt.

Proof. Similar to the proof of Theorem 1.

Remark 1. For k = 1,m = 0, and k = 1,m = −1, in (49) and (50), we obtain the conditional
momemts of order statistics and record values, respectively.
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Table . Variances and covariances of record statistics.

λ = 0.5 λ = 1.0

r s α = 2 α = 3 α = 4 α = 2 α = 3 α = 4

  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .
  . . . . . .

4. Numerical Results

4.1. Tabulations ofMeans, Variances, and Covariances

The recurrence relations obtained in the preceding sections allow us to evaluate the means,
variances, and covariances of all order statistics and record values for all sample sizes in a
simple recursivemanner. Starting with the initial values given by (10) and (11), the recurrence
relations in (17) and (18) can be used recursively to compute the first twomoments of all order
statistics for sample sizes n = 2, 3, . . . . From the resulting values, variances of order statistics
can be readily computed. In Table 1, we have presented the means of all order statistics, up to
six decimal places, for sample sizes n = 1(1)5 and α = 1(1)4. These moments were checked
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by using the identities,

n∑
r=1

μ( j)
r:n = nμ( j)

1:1, j = 1, 2.

Table . Means of progressively Type-II right censored order statistics.

λ = 0.5, α = 2

m ↓ n ↓ Scheme Mean

 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
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One can see that the means are decreasing with respect to n, but increasing with respect
to α.

For computing covariances of order statistics, all the product moments μ(1,1)
r,s:n can be com-

puted in a systematic manner. Starting with the initial values given by (31), the recurrence

Table . Means of progressively Type-II right censored order statistics.

λ = 1, α = 4

m ↓ n ↓ Scheme Mean

 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,) (,) . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,) (,,) . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,) (,,,) . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
 (,,,,) (,,,,) . . . . .
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relations in (39) and (42) can be used recursively to compute μ(1,1)
r,s:n for all r, s, and n =

2, 3, . . . . The variances and covariances, up to six decimal places, are presented in Table 2.
The accuracy of their computation was checked by the well-known identities for any

Table . Variances of progressively Type-II right censored order statistics.

λ = 0.5, α = 2

m ↓ n ↓ Scheme Variance

  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,) (,,,) . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
  (,,,,) (,,,) . . . . .
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arbitrary continuous distribution.

n∑
r=1

n∑
s=1

σr,s:n = nσ1,1:1,

Table . Variances of progressively Type-II right censored order statistics.

λ = 1.0, α = 4

m ↓ n ↓ Scheme Variance

  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,) (,) . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,) (,,) . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,) (,,, . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
  (,,,,) (,,, . . . . .
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and
n∑

s=r+1

σr,s:n +
r∑

i=1

σi,r+1:n =
(
rμ(1)

1:1 −
r∑

i=1

μ
(1)
i:n

)(
μ

(1)
r+1:n − μ(1)

r:n

)
, 1 ≤ r ≤ n − 1,

where σr,s:n = μ(1,1)
r,s:n − μ(1)

r:nμ(1)
s:n , see Joshi and Balakrishnan (1982). We can see that variances

and covariances decrease as both α and λ increase.
The relation in (21) can be used in a simple recursive process to obtain all the jth single

moments of all record statistics. The computations of these moments can be done based on
the jth single moment of the first record value i.e. μ j

1. We have computed the values of μr and
σ 2
r for r = 1, . . . , 10 and α = 1(1)4, and these are presented in Tables 3 and 4, respectively.
The means and variances of all progressive type-II right censored order statistics from the

extended exponential distribution can be readily computed as follows.
All the first and second ordermoments withm = 1 for all sample sizes n can be obtained by

setting j = 0 in Equation (24) and then again setting k = 1 in the same equation. Next, using
Equation (23), we can determine all themoments of the formμ

(R1,R2 )
1,2:n , n = 2, 3 . . . ,which can

in turn be used again with (23), to determine all moments of the form μ
(R1,R2 )2

1,2:n , n = 2, 3 . . . .

Equation (26) can then be used to obtainμ
(R1,R2)
2,2:n for all R1,R2 and n ≥ 2, and these values can

be used to obtain all moments of the form μ
(R1,R2 )2

1,2:n by using Equation (26) again. Equation
(23) can now be used again to obtain μ

(R1,R2,R3 )
1,3:n , μ

(R1,R2,R3 )2

1,3:n for all n, R1,R2, and R3 and
Equation (25) can be used next to obtain all moments of the form μ

(R1,R2,R3 )
2,3:n , μ

(R1,R2,R3 )2

2,3:n .
Finally, Equation (26) can be used to obtain all moments of the form μ

(R1,R2,R3)
3,3:n , μ(R1,R2,R3 )2

3,3:n .
This process can be continued until all desired first and second order moments, and hence,

all variances are obtained. In Table 5–6 and Table 7–8, we have presented the means and vari-
ances of progressively Type-II right censored order statistics, respectively, up to six decimal
places.

5. Conclusion

We have derived explicit expressions for single moments, product moments, and conditional
moments of order statistics and record values from the extended exponential distribution.
Further, we also derive the expressions for singlemoments and productmoments for progres-
sively Type II censored order statistics. We have given tabulations of the explicit expressions
for single moments and product moments of order statistics and record values. We have also
provided tabulations ofmeans and variances of progressively Type II censored order statistics.
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