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A B S T R A C T

Abundant Jacobi elliptic type solutions with distinct physical structures of complex nonlinear conformable
time-fractional modified Schrödinger equation are obtained by using the generalized Jacobi elliptic function
(GJEF) method. The Jacobi function expansions may lead to new doubly periodic wave solutions, soliton
solutions, and triangular periodic solutions. Nowadays the conformable operator is being used for a better
description of the dynamical systems. Motivated by the potential applications of the governed equation in
nonlinear optics, biological sciences, and fluid dynamics, these solutions may be significant in the study of
wave propagation in the desired field. Symbolic computations are made with the aid of Maple.
Introduction

In recent times, the theory of nonlinear equations has seen remark-
able developments. The partial differential equations are the mathemat-
ical formulations of the laws of nature. Various fields of engineering,
applied sciences and mathematical physics use them in the mathemati-
cal analysis of diverse physical phenomena [1]. The exact solution of a
differential equation is very helpful in interpreting it with its physical
and mathematical applications. Many methods have been developed
to find various kinds of solutions like lump, kink, breather-type, in-
variant, periodic cross-kink type etc., of nonlinear partial differential
systems [2–17]. In recent studies, many techniques have been devel-
oped to find waveform, solitonic type, periodic or explicit solutions of
conformable fractional differential (CFD) equations [6,18–23].

Governing equation
We consider the complex nonlinear conformable time fractional

modified Schrödinger equation [24,25], which is expressed as

𝜄𝑤𝛼
𝑡 +𝑤𝑥𝑥 + |𝑤|

2𝑤 + 𝜄𝜀(𝑤𝑥𝑥𝑥 + 𝑘1|𝑤|

2𝑤𝑥 + 𝑘2𝑤
2𝑤∗

𝑥) = 0, (1)

where 𝑤(𝑥, 𝑡) is an unknown complex function, 𝑤∗ is the complex
conjugate of 𝑤, 𝛼 ∈ (0, 1) and subscripts denote partial derivatives
with respect to 𝑥 and 𝑡; 𝑘1, 𝑘2, 𝜀 are constants, 𝜄2 = −1 and 𝑤𝛼

𝑡 is the
conformable fractional derivative [26].

The Eq. (1) can be reduced to a nonlinear integrable cubic
Schrödinger equation when 𝜀 = 0 and 𝛼 = 1. The optical soliton so-
lutions of nonlinear conformable fractional cubic Schrödinger equation
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are reported in Ref. [27]. When 𝑘1 = 3𝑘2, it becomes the Sasa–Satsuma
equation [10] while for 𝑘2 = 0, the equation is referred to as Hirota
equation [24]. The exact solutions of (1) are presented by Lie classical
method [28].

The applications of (1) appear in nonlinear optics and biological
phenomena. In the context of biological science, Eq. (1) is known
as generalized Davydov equation [29] which arises in the study of
nonlinear dynamics of 𝛼- helical protein in DNA molecules.

In the context of nonlinear optics, with the switching of independent
variables 𝑡 ↔ 𝑥, (1) describes the propagation of femtosecond pulses
in a monomode optical fiber as a model of a long-distance-high-bit-
rate transmission system. In this interpretation, 𝑤 characterizes the
slowly-varying envelope of the electromagnetic field. The coefficients
𝜀, 𝑘1, 𝑘2 occur from the perturbation effects and denote the group
velocity dispersion, self-phase modulation, dispersion, self steepen-
ing, and self-frequency shift by virtue of stimulated Raman scattering
respectively.

The concept of conformable fractional derivative (CFD) is intro-
duced by Khalil et al. [30], which is defined as

Definition 0.1. Given a function 𝑓 ∶ [0,∞) → 𝑅. Then the ‘‘con-
formable fractional derivative’’ of order 𝛼 is defined by

𝑇𝛼(𝑓 )(𝑡) = lim
𝜖→0

𝑓 (𝑡 + 𝜖𝑡1−𝛼) − 𝑓 (𝑡)
𝜖

(2)
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for all 𝑡 > 0, 𝛼 ∈ (0, 1). If 𝑓 is 𝛼-differentiable in some (0, 𝑎), 𝑎 > 0, and
lim𝑡→0+ 𝑓 𝛼(𝑡) exists, then define 𝑓 𝛼(0) = lim𝑡→0+ 𝑓 𝛼(𝑡).

The physical and geometrical interpretations of CFD thus indicate
potential applications in physics and engineering [31]. The major
advantage of this natural definition is that this overcomes the incon-
sistencies that occurred on comparing the existing fractional derivative
definitions with Newton’s derivative. The compatibility of this defini-
tion with the classical derivative makes the results of the nonlinear
fractional equation helpful for both fractional as well integer order
partial differential equations (PDEs) by taking 𝛼 integer or fraction in
a single study. So with this advantage, there is much scope in this
direction.

In this study, we implement GJEF method [32,33] to acquire new
solitary and wave solutions of (1). Basically, the method uses the ad-
vantage of the solutions of the auxiliary ordinary differential equation
to construct a rich variety of Jacobian elliptic solutions. To the best of
my information, the technique is used for the first time in the context
of conformable fractional partial differential equations.

Outline of generalized Jacobi elliptic function method

In this section, the main steps of the generalized Jacobi elliptic
function expansion method for the conformable fractional equation are
briefly described.

Step1: Consider a general time conformable fractional evolution equa-
tion as follows:

𝐹 (𝑢, 𝜕
𝛼𝑢
𝜕𝑡𝛼

, 𝜕𝑢
𝜕𝑥

, 𝜕
2𝛼𝑢
𝜕𝑡2𝛼

, 𝜕𝑢
𝜕𝑥

,…) = 0. (3)

y employing the wave transformation

(𝑥, 𝑡) = 𝑈 (𝜉), 𝜉 = 𝑘𝑥 − 𝜈 𝑡
𝛼

𝛼
, (4)

nd using the chain rule [26], (3) reduces into an ordinary differential
quation (ODE),

(𝑈,𝑈 ′, 𝑈 ′′,…) = 0, (5)

here ′ denotes first order derivative w.r.t. 𝜉.

tep 2: Assume that the solution of (5) takes the following form:

(𝜉) =
𝑠
∑

𝑖=−𝑠
𝑎𝑖𝐹

𝑖(𝜉). (6)

ere, the functions 𝐹 (𝜉) are the solutions of the following ODE:

𝐹 ′)2(𝜉) = 𝑃𝐹 4(𝜉) +𝑄𝐹 2(𝜉) + 𝑅, (7)

hich are given in Table 1 for different values of constants 𝑃 ,𝑄 and 𝑅.

tep3: By using the balancing principle, 𝑠 can be determined. Then
nserting (6) into (5), and equating the coefficients of polynomial in

to zero, a system of algebraic equations is yielded. On solving that
ystem, we can determine 𝑎𝑖, 𝑘, 𝜈.

tep 4: By utilizing all values of 𝑃 ,𝑄,𝑅 and gathering all the results
iven in Table 1, the exact solutions of (3) can be obtained.
Note 1: The functions 𝐹 , written in Table 1 are double periodic,

acobi elliptic functions 𝑐𝑛 = 𝑐𝑛(𝜉, 𝑚), 𝑠𝑛 = 𝑠𝑛(𝜉, 𝑚), 𝑑𝑛 = 𝑑𝑛(𝜉, 𝑚) and
(0 < 𝑚 < 1) is the modulus of elliptic functions.

pplication to conformable modified Schrodinger equation

In this section, we will employ the GJEF method on the conformable
ime fractional modified Schrödinger equation (1). In what follows, we
irst consider the gauge transformation

(𝑥, 𝑡) = 𝐻(𝜉)𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐), 𝜉 = 𝑘𝑥 − 𝜈 𝑡

𝛼
, (8)
2

𝛼 a
Table 1
Solutions of (7) for some values of 𝑃 ,𝑄 and 𝑅 [34,35].
𝑃 𝑄 𝑅 𝐹

𝑚2 −(1+𝑚2) 1 𝑠𝑛, 𝑐𝑑
−𝑚2 2𝑚2−1 1 − 𝑚2 𝑐𝑛
−1 2 − 𝑚2 𝑚2−1 𝑑𝑛
1 −(1+𝑚2) 𝑚2 𝑛𝑠, 𝑑𝑐
1 − 𝑚2 2𝑚2−1 −𝑚2 𝑛𝑐
𝑚2−1 2 − 𝑚2 −1 𝑛𝑑
1 − 𝑚2 2 − 𝑚2 1 𝑠𝑐
−𝑚2(1−𝑚2) 2𝑚2−1 1 𝑠𝑑
1 2 − 𝑚2 1 − 𝑚2 𝑐𝑠
1 2𝑚2−1 −𝑚2(1−𝑚2) 𝑑𝑠
−1
4

𝑚2+1
2

−(1−𝑚2 )2

4
𝑚𝑐𝑛 ∓ 𝑑𝑛

1
4

1−2𝑚2

2
1
4

𝑛𝑠 ∓ 𝑐𝑠
1−𝑚2

4
𝑚2+1
2

1−𝑚2

4
𝑛𝑐 ∓ 𝑠𝑐

1
4

𝑚2−2
2

𝑚4

4
𝑛𝑠 ∓ 𝑑𝑠

𝑚2

4
𝑚2−2
2

𝑚4

4
𝑠𝑛 ∓ 𝜄𝑐𝑛, 𝑑𝑛

√

1−𝑚2𝑠𝑛∓𝑐𝑛
1
4

1−2𝑚2

2
1
4

𝑚𝑐𝑛 ∓ 𝜄𝑑𝑛, 𝑠𝑛
1∓𝑐𝑛

𝑚2

4
𝑚2−2
2

1
4

𝑠𝑛
1∓𝑑𝑛

𝑚2−1
4

𝑚2+1
2

𝑚2−1
4

𝑑𝑛
1∓𝑟𝑠𝑛

1−𝑚2

4
𝑚2+1
2

1−𝑚2

4
𝑐𝑛

1∓𝑠𝑛
(1−𝑚2 )2

4
𝑚2+1
2

1
4

𝑠𝑛
𝑑𝑛∓𝑐𝑛

𝑚4

4
𝑚2−1
2

1
4

𝑐𝑛
√

1−𝑚2∓𝑑𝑛

which decomposes (1) into the following ODE:

𝑘3𝜀𝐻 ′′ − (𝑎2 − 𝑏 − 𝑎3𝜀)𝐻 +
(𝑘1 + 𝑘2)

3
𝑘𝜀𝐻3 = 0, (9)

y selecting

2 =
3 − 𝑘1
2𝑘𝜀 − 1

, 𝑎 = 1 − 𝑘𝜀
3𝜀

, 𝜈 = 𝑎2 − 𝑏 − 𝑎3𝜀 + 2𝑎𝑘 − 3𝑎2𝜀𝑘. (10)

ere 𝐻, 𝜈𝑘 , 𝑎, 𝑏, and 𝑐 denotes the pulse shape, wave speed, wave
requency, wave number and phase constant respectively.

By using balancing principle, we get 𝑠 = 1. So, the solution of (9) is
ssumed of the form

(𝜉) =
𝑎−1
𝐹 (𝜉)

+ 𝑎0 + 𝑎1𝐹 (𝜉). (11)

y substituting (11) into (9), the following set of algebraic equations
re obtained:

𝑘3𝜖 𝑃𝑎1 +
1
3
(

𝑘1 + 𝑘2
)

𝑘𝜀 𝑎31 = 0,
(

𝑘1 + 𝑘2
)

𝑘𝜀 𝑎0𝑎
2
1 = 0,

3𝜀𝑄𝑎1 −
(

−𝑎3𝜀 + 𝑎2 − 𝑏
)

𝑎1 +
1
3
(

𝑘1 + 𝑘2
)

𝑘𝜀
(

𝑎−1𝑎1
2 + 2 𝑎02𝑎1

+ 𝑎1
(

2 𝑎−1𝑎1 + 𝑎0
2)) = 0,

(

−𝑎3𝜖 + 𝑎2 − 𝑏
)

𝑎0 +
1
3
(

𝑘1 + 𝑘2
)

𝑘𝜀
(

4 𝑎−1𝑎0𝑎1 + 𝑎0
(

2 𝑎−1𝑎1 + 𝑎0
2)) = 0,

𝑘3𝜖 𝑄𝑎−1 −
(

−𝑎3𝜖 + 𝑎2 − 𝑏
)

𝑎−1 +
1
3
(

𝑘1 + 𝑘2
)

𝑘𝜀
(

𝑎−1
(

2 𝑎−1𝑎1 + 𝑎0
2)

+ 2 𝑎02𝑎−1 + 𝑎1𝑎−1
2) = 0,

(

𝑘1 + 𝑘2
)

𝑘𝜀 𝑎−1
2𝑎0 = 0,

𝑘3𝜖 𝑅𝑎−1 +
1
3
(

𝑘1 + 𝑘2
)

𝑘𝜀 𝑎−1
3 = 0.

(12)

On solving the above system with the aid of maple, we have

𝑎−1 = 𝜄

√

6𝑅
𝑘1 + 𝑘2

𝑘, 𝑎0 = 0, 𝑎1 = 𝜄

√

6𝑃
𝑘1 + 𝑘2

𝑘,

𝑏 = 𝑎2 − 𝑎3𝜀 − 𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

(13)

Subsequently, by selecting the appropriate values of 𝑃 , 𝑄 and 𝑅 from
able 1 and collecting the values together with (11), we obtain the
nalytic solutions of (1) as follows.



Results in Physics 33 (2022) 105128P. Kumari et al.

𝜀

(

(
𝜀

(

𝑤

𝜀

𝜀

𝜀

𝜀

𝜀

𝜀

(i) 𝑃 = 𝑚2, 𝑄 = −(1 + 𝑚2), 𝑅 = 1, 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤1(𝑥, 𝑡) =
(

𝜄

√

6
𝑘1 + 𝑘2

𝑘
( 1
𝑠𝑛(𝜉)

)

+ 𝜄

√

6𝑚2

𝑘1 + 𝑘2
𝑘𝑠𝑛(𝜉)

)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐), (14)

and

𝑤2(𝑥, 𝑡) =
(

𝜄

√

6
𝑘1 + 𝑘2

𝑘
( 1
𝑐𝑑(𝜉)

)

+ 𝜄

√

6𝑚2

𝑘1 + 𝑘2
𝑘𝑐𝑑(𝜉)

)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐). (15)

ii) 𝑃 = −𝑚2, 𝑄 = 2𝑚2 − 1, 𝑅 = 1 − 𝑚2, 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤3(𝑥, 𝑡) =
(

𝜄

√

6(1 − 𝑚2)
𝑘1 + 𝑘2

𝑘
( 1
𝑐𝑛(𝜉)

)

−

√

6𝑚2

𝑘1 + 𝑘2
𝑘𝑐𝑛(𝜉)

)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐). (16)

(iii) 𝑃 = −1, 𝑄 = 2 − 𝑚2, 𝑅 = 𝑚2 − 1, 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤4(𝑥, 𝑡) =
(

𝜄

√

6(𝑚2 − 1)
𝑘1 + 𝑘2

𝑘
( 1
𝑑𝑛(𝜉)

)

−

√

6
𝑘1 + 𝑘2

𝑘𝑑𝑛(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐). (17)

(iv) 𝑃 = 1, 𝑄 = −(1 + 𝑚2), 𝑅 = 𝑚2, 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤5(𝑥, 𝑡) =
(

𝜄

√

6𝑚2

𝑘1 + 𝑘2
𝑘
( 1
𝑛𝑠(𝜉)

)

+ 𝜄

√

6
𝑘1 + 𝑘2

𝑘𝑛𝑠(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐), (18)

𝑤6(𝑥, 𝑡) =
(

𝜄

√

6𝑚2

𝑘1 + 𝑘2
𝑘
( 1
𝑑𝑐(𝜉)

)

+ 𝜄

√

6
𝑘1 + 𝑘2

𝑘𝑑𝑐(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐). (19)

v) 𝑃 = 1 − 𝑚2, 𝑄 = 2𝑚2 − 1, 𝑅 = −𝑚2, 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤7(𝑥, 𝑡) =
(

−

√

6𝑚2

𝑘1 + 𝑘2
𝑘
( 1
𝑛𝑐(𝜉)

)

+ 𝜄

√

6(1 − 𝑚2)
𝑘1 + 𝑘2

𝑘𝑛𝑐(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(20)

(vi) 𝑃 = 𝑚2 − 1, 𝑄 = 2 − 𝑚2, 𝑅 = −1, 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤8(𝑥, 𝑡) =
(

−

√

6
𝑘1 + 𝑘2

𝑘
( 1
𝑛𝑑(𝜉)

)

+ 𝜄

√

6(𝑚2 − 1)
𝑘1 + 𝑘2

𝑘𝑛𝑑(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(21)

vii) 𝑃 = 1 − 𝑚2, 𝑄 = 2 − 𝑚2, 𝑅 = 1, 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤9(𝑥, 𝑡) =
(

𝜄

√

6
𝑘1 + 𝑘2

𝑘
( 1
𝑠𝑐(𝜉)

)

+ 𝜄

√

6(1 − 𝑚2)
𝑘1 + 𝑘2

𝑘𝑠𝑐(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐). (22)

(viii) 𝑃 = −𝑚2(1 − 𝑚2), 𝑄 = 2𝑚2 − 1, 𝑅 = 1, 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 =

𝑎2 − 𝑎3𝜀 − 𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

10(𝑥, 𝑡) =
(

𝜄

√

6
𝑘1 + 𝑘2

𝑘
( 1
𝑠𝑑(𝜉)

)

−

√

6𝑚2(1 − 𝑚2)
𝑘1 + 𝑘2

𝑘𝑠𝑑(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(23)
3

(ix) 𝑃 = 1, 𝑄 = 2 − 𝑚2, 𝑅 = 1 − 𝑚2, 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤11(𝑥, 𝑡) =
(

𝜄

√

6
𝑘1 + 𝑘2

𝑘
( 1
𝑐𝑠(𝜉)

)

+ 𝜄

√

6𝑚2

𝑘1 + 𝑘2
𝑘𝑐𝑠(𝜉)

)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐). (24)

(x) 𝑃 = 1, 𝑄 = 2𝑚2 − 1, 𝑅 = −𝑚2(1 − 𝑚2), 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 =

𝑎2 − 𝑎3𝜀 − 𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3

𝑤12(𝑥, 𝑡) =
(

−

√

6𝑚2(1 − 𝑚2)
𝑘1 + 𝑘2

𝑘
( 1
𝑑𝑠(𝜉)

)

+ 𝜄

√

6
𝑘1 + 𝑘2

𝑘𝑑𝑠(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(25)

(xi) 𝑃 = − 1
4 , 𝑄 = 1+𝑚2

2 , 𝑅 = − (1−𝑚2)2
4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤13(𝑥, 𝑡) =
(

−

√

6(1 − 𝑚2)2
4𝑘1 + 4𝑘2

𝑘
( 1
𝑚𝑐𝑛(𝜉) ∓ 𝑑𝑛(𝜉)

)

−

√

6
4𝑘1 + 4𝑘2

𝑘(𝑚𝑐𝑛(𝜉) ∓ 𝑑𝑛(𝜉))
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(26)

(xii)𝑃 = 1
4 , 𝑄 = 1−2𝑚2

2 , 𝑅 = 1
4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤14(𝑥, 𝑡) =
(

𝜄

√

6
4𝑘1 + 4𝑘2

𝑘
( 1
𝑛𝑠(𝜉) ∓ 𝑐𝑠(𝜉)

)

+ 𝜄

√

6
4𝑘1 + 4𝑘2

𝑘(𝑛𝑠(𝜉) ∓ 𝑐𝑠(𝜉))
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(27)

(xiii)𝑃 = 1−𝑚2

4 , 𝑄 = 1+𝑚2

2 , 𝑅 = 1−𝑚2

4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤15(𝑥, 𝑡) =
(

𝜄

√

6(1 − 𝑚2)
4𝑘1 + 4𝑘2

𝑘
( 1
𝑛𝑐(𝜉) ∓ 𝑠𝑐(𝜉)

)

+ 𝜄

√

6(1 − 𝑚2)
4𝑘1 + 4𝑘2

𝑘(𝑛𝑐(𝜉) ∓ 𝑠𝑐(𝜉))
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(28)

(xiv) 𝑃 = 1
4 , 𝑄 = 𝑚2−2

2 , 𝑅 = 𝑚4

4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤16(𝑥, 𝑡) =
(

𝜄

√

6𝑚4

4𝑘1 + 4𝑘2
𝑘
( 1
𝑛𝑠(𝜉) ∓ 𝑑𝑠(𝜉)

)

+ 𝜄

√

6
4𝑘1 + 4𝑘2

𝑘(𝑛𝑠(𝜉) ∓ 𝑑𝑠(𝜉))
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(29)

(xv) 𝑃 = 𝑚2

4 , 𝑄 = 𝑚2−2
2 , 𝑅 = 𝑚2

4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤17(𝑥, 𝑡) =
(

𝜄

√

6(1 − 𝑚2)
4𝑘1 + 4𝑘2

𝑘
( 1
𝑠𝑛(𝜉) ∓ 𝜄𝑐𝑛(𝜉)

)

+ 𝜄

√

6(1 − 𝑚2)
4𝑘1 + 4𝑘2

𝑘(𝑠𝑛(𝜉) ∓ 𝜄𝑐𝑛(𝜉))
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(30)

𝑤18(𝑥, 𝑡) = 𝜄

√

6(1 − 𝑚2)
4𝑘1 + 4𝑘2

𝑘
( (

√

1 − 𝑚2𝑠𝑛(𝜉) ∓ 𝑐𝑛(𝜉))2 + 𝑑𝑛2(𝜉)

𝑑𝑛(𝜉)(
√

1 − 𝑚2𝑠𝑛(𝜉) ∓ 𝑐𝑛(𝜉))

)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(31)
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Fig. 1. Profiles of (14) with the parametric values 𝑘1 = 0.2, 𝑚 = 0.8, 𝛼 = 0.5, 𝑘 = 0.3, 𝑐 = 0, 𝜖 = 0.1.
(xvi) 𝑃 = 1
4 , 𝑄 = 1−2𝑚2

2 , 𝑅 = 1
4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤19(𝑥, 𝑡) =
(

𝜄

√

6
4𝑘1 + 4𝑘2

𝑘
( 1
𝑚𝑐𝑛(𝜉) ∓ 𝜄𝑑𝑛(𝜉)

)

+ 𝜄

√

6 𝑘(𝑚𝑐𝑛(𝜉) ∓ 𝜄𝑑𝑛(𝜉))
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(32)
4

4𝑘1 + 4𝑘2
𝑤20(𝑥, 𝑡) =
(

𝜄

√

6
4𝑘1 + 4𝑘2

𝑘
( 1 ∓ 𝑐𝑛(𝜉)

𝑠𝑛(𝜉)

)

+ 𝜄

√

6
4𝑘1 + 4𝑘2

𝑘
( 𝑠𝑛(𝜉)
1 ∓ 𝑐𝑛(𝜉)

) )

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(33)



Results in Physics 33 (2022) 105128P. Kumari et al.
Fig. 2. Outlook of (17) with the parametric values 𝑘1 = 0.2, 𝑚 = 1, 𝛼 = 1, 𝑘 = 0.3, 𝑐 = 0, 𝜖 = 0.1.
(xvii)𝑃 = 𝑚2

4 , 𝑄 = 𝑚2−2
2 , 𝑅 = 1

4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤21(𝑥, 𝑡) =
(

𝜄

√

6
4𝑘1 + 4𝑘2

𝑘
( 1 ∓ 𝑑𝑛(𝜉)

𝑠𝑛(𝜉)

)

+ 𝜄

√

6𝑚2

4𝑘1 + 4𝑘2
𝑘
( 𝑠𝑛(𝜉)
1 ∓ 𝑑𝑛(𝜉)

) )

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(34)

(xviii) 𝑃 = 𝑚2−1
4 , 𝑄 = 𝑚2+1

2 , 𝑅 = 𝑚2−1
4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤22(𝑥, 𝑡) =
(

𝜄

√

6(𝑚2 − 1)
4𝑘1 + 4𝑘2

𝑘
( 1 ∓ 𝑚𝑠𝑛(𝜉)

𝑑𝑛(𝜉)

)

+ 𝜄

√

6(𝑚2 − 1)
4𝑘1 + 4𝑘2

𝑘
( 𝑑𝑛(𝜉)
1 ∓ 𝑚𝑠𝑛(𝜉)

) )

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(35)

(xix) 𝑃 = −𝑚2−1
4 , 𝑄 = 𝑚2+1

2 , 𝑅 = 𝑚2−1
4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤23(𝑥, 𝑡) =
(

−

√

6(𝑚2 − 1)
4𝑘1 + 4𝑘2

𝑘
( 1 ∓ 𝑠𝑛(𝜉)

𝑐𝑛(𝜉)

)

+ 𝜄

√

6(𝑚2 − 1)
4𝑘1 + 4𝑘2

𝑘
( 𝑐𝑛(𝜉)
1 ∓ 𝑠𝑛(𝜉)

) )

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(36)

(xx) 𝑃 = (1−𝑚2)2
4 , 𝑄 = 1+𝑚2

2 , 𝑅 = 1
4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤24(𝑥, 𝑡) =
(

𝜄

√

6
4𝑘1 + 4𝑘2

𝑘
(𝑑𝑛(𝜉) ∓ 𝑐𝑛(𝜉)

𝑠𝑛(𝜉)

)

+ 𝜄

√

6(1 − 𝑚2)2
𝑘
( 𝑠𝑛(𝜉) ) )

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(37)
5

4𝑘1 + 4𝑘2 𝑑𝑛(𝜉) ∓ 𝑐𝑛(𝜉)
(xxi) 𝑃 = 𝑚2

4 , 𝑄 = 𝑚2−2
2 , 𝑅 = 1

4 , 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 −

𝜀
(

𝑄 − 6
√

𝑃𝑅
)

𝑘3.

𝑤25(𝑥, 𝑡) =
(

𝜄

√

6
4𝑘1 + 4𝑘2

𝑘
(

√

1 − 𝑚2𝑠𝑛 ∓ 𝑑𝑛(𝜉)
𝑐𝑛(𝜉)

)

+ 𝜄

√

6(1 − 𝑚2)
4𝑘1 + 4𝑘2

𝑘
( 𝑐𝑛(𝜉)
√

1 − 𝑚2 ∓ 𝑑𝑛(𝜉)

) )

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(38)

Remark. The solitonic and trigonometric solutions can be acquired
by taking limiting value of 𝑚 which is shown in Table 2. A few such
solutions are displayed here.

Dark soliton solution 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 + 8𝜀𝑘3.

𝑤(𝑥, 𝑡) =
(

𝜄

√

6
𝑘1 + 𝑘2

𝑘
( 1
𝑡𝑎𝑛ℎ(𝜉)

)

+ 𝜄

√

6
𝑘1 + 𝑘2

𝑘𝑡𝑎𝑛ℎ(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(39)

Singular dark soliton solution 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 + 8𝜀𝑘3.

𝑤(𝑥, 𝑡) =
(

𝜄

√

6
𝑘1 + 𝑘2

𝑘
( 1
𝑐𝑜𝑡ℎ(𝜉)

)

+ 𝜄

√

6
𝑘1 + 𝑘2

𝑘𝑐𝑜𝑡ℎ(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(40)

Bright soliton solution 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 − 𝜀𝑘3.

𝑤(𝑥, 𝑡) =
(

−

√

6
𝑘1 + 𝑘2

𝑘𝑠𝑒𝑐ℎ(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐). (41)

Bright–Dark soliton solution 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼

𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 − 𝜀𝑘3.

𝑤(𝑥, 𝑡) = 2𝜄

√

6
4𝑘1 + 4𝑘2

𝑘
( 𝑠𝑒𝑐ℎ(𝜉)
𝑡𝑎𝑛ℎ(𝜉)

)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐). (42)

Singular soliton solution 𝜉 = 𝑘𝑥 − 𝜈 𝑡𝛼 , 𝑏 = 𝑎2 − 𝑎3𝜀 − 𝜀𝑘3.
𝛼
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Fig. 3. Plots of (29) with the parametric values 𝑘1 = 0.2, 𝑚 = 0.8, 𝛼 = 0.5, 𝑘 = 0.3, 𝑐 = 0, 𝜖 = 0.1.
Table 2
Jacobi elliptic function for 𝑚 → 0 and 𝑚 → 1 [34,35].

𝑚 → 0 𝑚 → 1 𝑚 → 0 𝑚 → 1 𝑚 → 0 𝑚 → 1

𝑠𝑛 𝑠𝑖𝑛 𝑡𝑎𝑛ℎ 𝑑𝑐 𝑠𝑒𝑐 1 𝑠𝑑 𝑠𝑖𝑛 𝑠𝑖𝑛ℎ
𝑐𝑛 𝑐𝑜𝑠 𝑠𝑒𝑐ℎ 𝑛𝑐 𝑠𝑒𝑐 𝑐𝑜𝑠ℎ 𝑑𝑠 𝑐𝑠𝑐 𝑐𝑠𝑐ℎ
𝑑𝑛 1 𝑠𝑒𝑐ℎ 𝑠𝑐 𝑡𝑎𝑛 𝑠𝑖𝑛ℎ 𝑛𝑑 1 𝑐𝑜𝑠ℎ
𝑐𝑑 𝑐𝑜𝑠 1 𝑛𝑠 𝑐𝑠𝑐 𝑐𝑜𝑡ℎ 𝑐𝑠 𝑐𝑜𝑡 𝑐𝑠𝑐ℎ

𝑤(𝑥, 𝑡) =
(

𝜄

√

6
𝑘1 + 𝑘2

𝑘
( 1
𝑐𝑠𝑐ℎ(𝜉)

)

+ 𝜄

√

6
𝑘1 + 𝑘2

𝑘𝑐𝑠𝑐ℎ(𝜉)
)

𝑒𝜄(𝑎𝑥−𝑏
𝑡𝛼
𝛼 +𝑐).

(43)

Note 2: In all family of solutions, 𝑘1, 𝑘, 𝜖 are free parameters while
𝑘2, 𝑎, 𝜈 are given in (10).

Numerical simulation

This section presents the graphical representations of some re-
markable solutions of system (1), shown in the previous section, for
specific values of parameters. The solutions exhibit periodical excita-
tions as they come in terms of the combination of exponential and
periodic sinusoidal functions. 3D graphical illustrations are given to
show the spatio-temporal extension of the derived wave solutions, 2D
projections, and their 2D contours are presented.
6

The 3D plots for real and imaginary parts of the solution 𝑤1(𝑥, 𝑡) for
the parametric values 𝑘1 = 0.2, 𝑚 = 0.8, 𝛼 = 0.5, 𝑘 = 0.3, 𝑐 = 0, 𝜖 = 0.1
are shown in Fig. 1(a),1(b) respectively and their respective contours
1(e),1(f) show that the solution (14) exhibits periodic soliton solutions
with multiple lumps of different peaks at which cusp type singular-
ities exist. Also, the isolated singularities are featured at the points-
⋯ ,−39.90605555,−26.60403704,−13.30201852, 0., 13.30201852,
26.60403704, 39.90605555,… up to 8-digits accuracy when 𝑡 = 0. The
structures shown in 1(c) and 1(d) are non-singular for displacement
𝑥 = −𝜋...𝜋 and evolution 𝑡 = 2...3. The 1-dimensional wave propagation
of real (indigo curve) and imaginary part (red curve) of the result (14)
at time 𝑡 = 0, 0.21053, 0.42105, 0.63158 are shown in 1(g) which show
that a non-dispersive wave with group velocity greater than phase
velocity moving in different directions. The wave group is formed
by finite number of wave cycles oscillating between two consecutive
discontinuities. To examine the dependence of the wave function on
same parametric values, the surface plots 1(h),1(i) at 𝑥 = 1 are shown
for different values of 𝛼’s. Increase in amplitude of wave function and
accompanying phase shift with the increase of value of parameter 𝛼 are
evident in Fig. 1(h),1(i).

The 3D outlook for real and imaginary parts of solution (17) are
given in 2(a),2(b) for 𝑘1 = 0.2, 𝑚 = 1, 𝛼 = 1, 𝑘 = 0.3, 𝑐 = 0, 𝜖 = 0.1 and its
contours are presented in 2(c),2(d) at spatial value 𝑥 = 1. Clearly, 𝑤17
is non-singular everywhere. We observe that two parallel waves decay
opposite. The wave motion represented for 𝑡 = −1, 0, 1 in 2(e) depicts
that wave group is a train of damped waves moving leftward.
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We displayed the 2D wave propagation and 3D structures for real
and imaginary parts of the solution 𝑤16(𝑥, 𝑡) for the parametric values
𝑘1 = 0.2, 𝑚 = 0.8, 𝛼 = 0.5, 𝑘 = 0.3, 𝑐 = 0, 𝜖 = 0.1 are in Fig. 3 respectively
which shows the similar behavior as seen in Fig. 1. The isolated sin-
gularities are featured at the points- ⋯ ,−26.60403704,−13.30201852, 0.,
13.30201852, 26.60403704,… up to 8-digits accuracy at initial time. We
ave drawn non-singular surfaces 3(c) and 3(d) for a certain displace-
ent and time. The 1-dimensional wave propagation of real (indigo

urve) and imaginary part (red curve) of the result 𝑤16 at time 𝑡 =
0, 0.25, 0.50, 0.75 are shown in 3(g).

Conclusion

The authors obtained abundant wave solutions with rich physical
structures of the complex nonlinear conformable time-fractional modi-
fied Schrödinger equation, which is having potential applications in the
field of nonlinear optics, biological phenomena, and fluid dynamics,
by using the GJEF method. Also, the Jacobi elliptic solutions can be
used to obtain the solitary wave solutions, bright-dark optical solitons
by limiting the modulus of Jacobi elliptic functions. In this kind of
study, we can obtain the results for fractional as well as integer type
PDEs in the same study. The obtained results show that this method is
powerful and effective for constructing the periodic wave and optical
soliton solutions of conformable fractional PDEs and the study may give
a future scope in dealing with such kinds of equations. Also, the method
is computable in software like Maple and Mathematica, which can ease
tedious calculations.
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